Chapter 22

Tensor Algebras, Symmetric Algebras
and Exterior Algebras

22.1 Tensors Products

We begin by defining tensor products of vector spaces over a field and then we investigate
some basic properties of these tensors, in particular the existence of bases and duality. After
this, we investigate special kinds of tensors, namely, symmetric tensors and skew-symmetric
tensors. Tensor products of modules over a commutative ring with identity will be discussed
very briefly. They show up naturally when we consider the space of sections of a tensor
product of vector bundles.

Given a linear map, f: E — F, we know that if we have a basis, (u;);e, for E, then f
is completely determined by its values, f(u;), on the basis vectors. For a multilinear map,
f: E™ — I, we don’t know if there is such a nice property but it would certainly be very
useful.

In many respects, tensor products allow us to define multilinear maps in terms of their
action on a suitable basis. The crucial idea is to linearize, that is, to create a new vector space,
E®" such that the multilinear map, f: E™ — F, is turned into a linear map, fg: E€" — F,
which is equivalent to f in a strong sense. If in addition, f is symmetric, then we can define
a symmetric tensor power, Sym"(FE), and every symmetric multilinear map, f: E" — F, is
turned into a linear map, fo: Sym"(E) — F, which is equivalent to f in a strong sense.
Similarly, if f is alternating, then we can define a skew-symmetric tensor power, A" (F), and
every alternating multilinear map is turned into a linear map, fr: N'(E) — F, which is
equivalent to f in a strong sense.

Tensor products can be defined in various ways, some more abstract than others. We
tried to stay down to earth, without excess!

Let K be a given field, and let F, ..., FE, be n > 2 given vector spaces. For any vector
space, F', recall that a map, f: F1 X --- x E, — F, is multilinear iff it is linear in each of
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o986 CHAPTER 22. TENSOR ALGEBRAS

its argument, that is,

f(ul,...uil,v—l—w,uiﬂ,...,un) = f(ul,...uil,v,uiﬂ,...,un)
+ flug, o oug, W U, Uy)
Flug, oo, Aoy, o ty) = Af(ug, . Wiy, 0, Uiy e Uy ),

for all u; € E; (j #14), allv,w € E;andall A\ € K, fori=1... n.

The set of multilinear maps as above forms a vector space denoted L(E1,..., E,; F) or
Hom(FEy,...,E,; F). When n = 1, we have the vector space of linear maps, L(E, F') or
Hom(E, F). (To be very precise, we write Homg (E1, ..., E,; F) and Homg(E, F).) As
usual, the dual space, E*, of E is defined by E* = Hom(FE, K).

Before proceeding any further, we recall a basic fact about pairings. We will use this fact
to deal with dual spaces of tensors.

Definition 22.1 Given two vector spaces, F and F, a map, (—,—): F x FF — K, is a
nondegenerate pairing iff it is bilinear and iff (u,v) = 0 for all v € F implies u = 0 and
(u,v) = 0 for all w € E implies v = 0. A nondegenerate pairing induces two linear maps,
p: E— F*and ¢: F — E*, defined by

for all u,z € F and all v,y € F.

Proposition 22.1 For every nondegenerate pairing, (—,—): Ex F — K, the induced maps
p: B — F* and ¢: F — E* are linear and injective. Furthermore, if E and F are finite
dimensional, then ¢: E— F* and ¢: F — E* are bijective.

Proof. The maps ¢: E — F* and ¢: F' — E* are linear because u,v +— (u,v) is bilinear.
Assume that ¢(u) = 0. This means that ¢(u)(y) = (u,y) = 0 for all y € F and as our
pairing is nondegenerate, we must have v = 0. Similarly, « is injective. If E' and F' are finite
dimensional, then dim(F) = dim(£*) and dim(F') = dim(F™). However, the injectivity of ¢
and 1 implies that that dim(£) < dim(F*) and dim(F") < dim(£"*). Consequently dim(E) <
dim(F') and dim(F') < dim(FE), so dim(E) = dim(F'). Therefore, dim(F) = dim(F*) and ¢
is bijective (and similarly dim(F') = dim(E*) and ¢ is bijective). [J

Proposition 22.1 shows that when E and F are finite dimensional, a nondegenerate pairing
induces canonical isomorphims p: E — F* and ¢: F' — E*, that is, isomorphisms that do
not depend on the choice of bases. An important special case is the case where ' = F and
we have an inner product (a symmetric, positive definite bilinear form) on FE.

Remark: When we use the term “canonical isomorphism” we mean that such an isomor-
phism is defined independently of any choice of bases. For example, if F is a finite dimensional
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vector space and (eq,...,e,) is any basis of E, we have the dual basis, (e},...,e’), of E*

(where, €f(e;) = 0;;) and thus, the map e; — e is an isomorphism between E and E*. This

isomorphism is not canonical.

On the other hand, if (—, —) is an inner product on E, then Proposition 22.1 shows that
the nondegenerate pairing, (—, —), induces a canonical isomorphism between E and E*.
This isomorphism is often denoted b: £ — E* and we usually write u’ for b(u), with u € E.
Given any basis, (e1,...,e,), of E (not necessarily orthonormal), if we let g;; = (e;, e;), then
for every u = Y"1 | w;e;, since v’ (v) = (u,v), for all v € V, we get

n n
W= E wie;, with w; = E Gij;.
=1

i=1

If we use the convention that coordinates of vectors are written using superscripts

(u =737, u'e;) and coordinates of one-forms (covectors) are written using subscripts

(w = >  wse), then the map, b, has the effect of lowering (flattening!) indices. The
inverse of b is denoted #: E* — E. If we write w € E* as w = Y . wie; and w* € F as
wh =" (wh) e, since

wi = w(e;) = (W e;) = Z(Wﬁ)jgija 1<i<n,

j=1
we get
(Wh)i = Zgijwj,
j=1
where (¢) is the inverse of the matrix (g;;). The inner product, (—, —), on E induces an
inner product on E* also denoted (—, —) and given by

(w1, w2) = (Wg,wg%

for all wy,ws € E*. Then, it is obvious that

(u,v) = (u’,v"), forall w,vekE.
If (e1,...,e,) is a basis of E and g¢;; = (e;, €;), as
(€)= Zgikek,
k=1

an easy computation shows that

(ef, €5) = (€)%, (¢))F) = g,
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that is, in the basis (e}, ..., e"), the inner product on E* is represented by the matrix (¢%),

T n

the inverse of the matrix (g;;).

The inner product on a finite vector space also yields a natural isomorphism between
the space, Hom(F, E; K), of bilinear forms on F and the space, Hom(F, E), of linear maps
from E to itself. Using this isomorphism, we can define the trace of a bilinear form in an
intrinsic manner. This technique is used in differential geometry, for example, to define the
divergence of a differential one-form.

Proposition 22.2 If (—, —) is an inner product on a finite vector space, E, (over a field,
K), then for every bilinear form, f: E x E — K, there is a unique linear map, f*: E — E,
such that

flu,v) = (f¥(w),v), forallu,v € E.

The map, f v+ f*, is a linear isomorphism between Hom(E, E; K) and Hom(E, E).

Proof. For every g € Hom(F, E), the map given by

f(u7v):<g(u)7v>7 u,v € E,

is clearly bilinear. It is also clear that the above defines a linear map from Hom(F, E) to
Hom(E, F; K). This map is injective because if f(u,v) = 0 for all u,v € E, as (—,—) is
an inner product, we get g(u) = 0 for all u € E. Furthermore, both spaces Hom(E, E) and
Hom(E, E; K) have the same dimension, so our linear map is an isomorphism. ]

If (e1,...,e,) is an orthonormal basis of F, then we check immediately that the trace of
a linear map, g, (which is independent of the choice of a basis) is given by

n

tr(g) = Y (g(ei). e:),

=1

where n = dim(FE). We define the trace of the bilinear form, f, by

tr(f) = tr(f%).
From Proposition 22.2, tr(f) is given by

n

tr(f) =Y flei ),

i=1
for any orthonormal basis, (ej,...,e,), of E. We can also check directly that the above

expression is independent of the choice of an orthonormal basis.

We will also need the following Proposition to show that various families are linearly
independent.
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Proposition 22.3 Let E and F' be two nontrivial vector spaces and let (u;);er be any family
of vectors u; € E. The family, (u;)icr, s linearly independent iff for every family, (v;)icr, of
vectors v; € F, there is some linear map, f: E — F, so that f(u;) = v;, for alli € I.

Proof. Left as an exercise. [

First, we define tensor products, and then we prove their existence and uniqueness up to
isomorphism.

Definition 22.2 A tensor product of n > 2 vector spaces E, ..., FE,, is a vector space T,
together with a multilinear map ¢: Fy X --- X E,, — T', such that, for every vector space F
and for every multilinear map f: Fy x---xX E, — F, there is a unique linear map fg: T — F,
with

f(ul, s 7un) = f®(90(u1? s 7un))7
for all uy € Ey,...,u, € E,, or for short

f=Jgop.

Equivalently, there is a unique linear map fg such that the following diagram commutes:

Ey XX E, —2= T

\ lf®

F

First, we show that any two tensor products (77, 1) and (75, p9) for Fy, ..., E,, are
isomorphic.

Proposition 22.4 Given any two tensor products (11, p1) and (Ty, p2) for Ey, ..., E,, there
18 an isomorphism h: Ty — Ty such that

2 =hoo.

Proof. Focusing on (T4, ¢1), we have a multilinear map ¢y: Fy X -+ X E,, — Ty, and thus,
there is a unique linear map (¢2)g: 11 — T», with

2 = (P2)g © 1.

Similarly, focusing now on on (73, ¢5), we have a multilinear map p;: Ey x --- X E, — T,
and thus, there is a unique linear map (¢1)g: T2 — 17, with

w1 = (@1)@ O ©2.

But then, we get
1= (p1)s ° (p2)e © ¥1,
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and
Y2 = (@2)@@ © (901)@) O P2.

On the other hand, focusing on (77, 1), we have a multilinear map ¢1: Fy x --- X E, — T,
but the unique linear map h: Ty — T3, with

o1 =hoy

is h = id, and since (p1)g o (¢2)g is linear, as a composition of linear maps, we must have

(1) 0 (p2)e = id.

Similarly, we must have
(p2)g 0 (p1)e = id.

This shows that (p;)g and (y2)g are inverse linear maps, and thus, (v2)g: 71 — T3 is an
isomorphism between 77 and T5. [

Now that we have shown that tensor products are unique up to isomorphism, we give a
construction that produces one.

Theorem 22.5 Given n > 2 vector spaces Ey, ..., E,, a tensor product (F1 ® -+ ® E,, ¢)
for Ey, ..., E, can be constructed. Furthermore, denoting o(uy,...,u,) as U3 ® -+ & Uy,
the tensor product E1 ® --- ® E, is generated by the vectors u; ® «++ ® u,, where u; €
Ei, ... u, € E,, and for every multilinear map f: Ey X --- X K, — F, the unique linear
map fo: B4 ®---® E, — F such that f = fg o, is defined by

folur @ @uy) = f(ur, ..., un),

on the generators uy @ -+ @ u, of B1 ® --- Q@ E,.

Proof. Given any set, I, viewed as an index set, let K!) be the set of all functions, f: I — K,
such that f(i) # 0 only for finitely many i € I. As usual, denote such a function by (f;)cr,
it is a family of finite support. We make K into a vector space by defining addition and
scalar multiplication by

(fi)+(g) = (fita)
AMfi) = (Afi).

The family, (e;)ics, is defined such that (e;); = 0 if j # 7 and (e;); = 1. It is a basis of
the vector space K, so that every w € K can be uniquely written as a finite linear
combination of the e;. There is also an injection, ¢t: I — K@), such that (i) = e; for every
1 € I. Furthermore, it is easy to show that for any vector space, F', and for any function,
f: I — F, there is a unique linear map, f: KY) — F, such that

f=Tou
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as in the following diagram:

This shows that KD is the free vector space generated by I. Now, apply this construction
to the cartesian product, I = E; X --- x E,, obtaining the free vector space M = K!) on
I = Ey x---x E,. Since every, e;, is uniquely associated with some n-tuple i = (uy,...,u,) €
Ey x -+ x E,, we will denote e; by (uq,...,u,).

Next, let N be the subspace of M generated by the vectors of the following type:

(Upy ooy Ui+ Uiy ey Uy) = (Ugy ey Uy ey Up) — (U, ey Uy ey Uy,

(Ugy ooy AUy oo Up) — AUy ey Uy ey Uy

Welet E®- - -® F, be the quotient M /N of the free vector space M by N, 7: M — M/N
be the quotient map and set
Y =Tmo.L.

By construction, ¢ is multilinear, and since 7 is surjective and the ¢(i) = e; generate M,
since i is of the form i = (uy,...,u,) € By X--- X E,, the p(uy, ..., u,) generate M /N. Thus,
if we denote p(uq, ..., u,) as u3 ® - - - ® u,, the tensor product £ ® - - - ® E,, is generated by
the vectors vy ® - - - ® u,,, where u; € Ey,...,u, € E,.

For every multilinear map f: Fy x --- x E, — F, if a linear map fy: 1 ®---® E, - F
exists such that f = fg o ¢, since the vectors u; ® - - - ® u,, generate Fy ® - -- ® E,,, the map
fe is uniquely defined by

folur @ -+~ @uy,) = fug, ..., upy).

On the other hand, because M = K(BrxxEn) ig free on I = Ey X - - - X E,, there is a unique
linear map f: K(F1x+xEn) 5 Fsuch that

f="Fou
as in the diagram below:

Ei X - X B, — KErexEn)

\lf

F

Because f is multilinear, note that we must have f(w) = 0, for every w € N. But then,
f: M — F induces a linear map h: M /N — F, such that

f=homou,
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by defining h([z]) = f(2), for every z € M, where [z] denotes the equivalence class in M/N
of z € M:
El X e X Enﬂ—_oL> K(ElXXEn)/N

T

F

Indeed, the fact that f vanishes on NN insures that h is well defined on M /N, and it is clearly
linear by definition. However, we showed that such a linear map A is unique, and thus it
agrees with the linear map fy defined by

folur @ - @uy,) = f(ug,...,u,)

on the generators of £} ® -+ ® F,,. O

What is important about Theorem 22.5 is not so much the construction itself but the
fact that it produces a tensor product with the universal mapping property with respect to
multilinear maps. Indeed, Theorem 22.5 yields a canonical isomorphism,

LIEy® - QE, F)XL(E,...,E;F),

between the vector space of linear maps, L(E; ® --- ® FE,, F'), and the vector space of
multilinear maps, L(F1, ..., E,; F'), via the linear map — o ¢ defined by

h+— hoy,

where h € L(E; ® -+ ® E,, F). Indeed, h o ¢ is clearly multilinear, and since by Theorem
22.5, for every multilinear map, f € L(Ei,..., E,; F), there is a unique linear map fg €
LBy ® -+ ® E,, F) such that f = fg o ¢, the map — o ¢ is bijective. As a matter of fact,
its inverse is the map

[ fe

Using the “Hom” notation, the above canonical isomorphism is written

Hom(FE) ® -+ ® E,, F) 2 Hom(Ey, ..., E,; F).

Remarks:

(1) To be very precise, since the tensor product depends on the field, K, we should subscript
the symbol ® with K and write

B Qg Qg By

However, we often omit the subscript K unless confusion may arise.
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(2) For ' = K, the base field, we obtain a canonical isomorphism between the vector
space L(F ® - - ® E,, K), and the vector space of multilinear forms L(Ey, ..., E,; K).
However, L(E; ® - - ® E,,, K) is the dual space, (F; ® ---® E,)*, and thus, the vector
space of multilinear forms L(E}, . .., E,; K) is canonically isomorphic to (E1®- - -®QFE,)*.
We write

L(E,,...,EnK) = (B, ®- - ® E,)".

The fact that the map ¢: Fy X -+ X B, —» F; ® --- ® E, is multilinear, can also be
expressed as follows:

R U +v)RQu, = (MR QU @+ R uUy)
+ (@ QU ®- - D uy),
U R QM) R Qupy = M1 @ QU @+ @ Up).

Of course, this is just what we wanted! Tensors in F ®---® E,, are also called n-tensors,
and tensors of the form u; ® - -+ ® w,, where u; € F;, are called simple (or indecomposable)
n-tensors. Those n-tensors that are not simple are often called compound n-tensors.

Not only do tensor products act on spaces, but they also act on linear maps (they are
functors). Given two linear maps f: F — E’ and g: F — F’, we can define h: E x F' —
E' ® F' by

h(u, v) = f(u) ® g(v).

It is immediately verified that A is bilinear, and thus, it induces a unique linear map
f[®g: EQF - E'® F',

such that
(f@g)(udv)= f(u) ®g(u).

If we also have linear maps f': £/ — E” and ¢': F' — F”, we can easily verify that
the linear maps (f o f) ® (¢’ o g) and (f' ® ¢') o (f ® g) agree on all vectors of the form
u®v € E® F. Since these vectors generate £ ® F', we conclude that

(ffof)@(gog)=(f®@g)o(f®yg).

The generalization to the tensor product f; ® --- ® f,, of n > 3 linear maps f;: F; — F;
is immediate, and left to the reader.

22.2 Bases of Tensor Products

We showed that £ ®---® E, is generated by the vectors of the form uy ®- - - ®u,,. However,
there vectors are not linearly independent. This situation can be fixed when considering
bases, which is the object of the next proposition.
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Proposition 22.6 Given n > 2 wvector spaces Ei, ..., E,, if (u¥)icr, is a basis for Ej,
1 < k <mn, then the family of vectors

1 n
(Uil Q- ® Uin)(il,...,in)ehx...xln

1s a basis of the tensor product K1 ® --- ® E,.

Proof. For each k, 1 < k < n, every v* € E}, can be written uniquely as

k_ k, k
v —E vjug,

J€Ely
for some family of scalars (vf) jer,- Let F' be any nontrivial vector space. We show that for
every family
(wi1,...,in)(il,...,in)eh><...><Ina

of vectors in F', there is some linear map h: F; ® --- ® E,, — F, such that

h(u1 X Q® u?n) = Wiy, .ip-

i1
Then, by Proposition 22.3, it follows that

1 n
(uil - ® uin)(il ..... in)€lX...xIn

is linearly independent. However, since (u});cs, is a basis for Ej, the u} ® --- ® u} also
generate By ® --- ® E,, and thus, they form a basis of £1 ® --- ® E,,.

We define the function f: E; x --- x E,, — F as follows:

1.1 n,ny _ 1 n ) )
f( Z Ujlujl’ Tt Z U]nu]n) - Z Ujl an w]lw"v]n'

jlell ]neln jlellvu-ajneln

It is immediately verified that f is multilinear. By the universal mapping property of the
tensor product, the linear map fg: B3 ® --- ® E,, — F such that f = fg o ¢, is the desired
map h. OJ

In particular, when each I} is finite and of size m;, = dim(FE}), we see that the dimension
of the tensor product F ®---® E,, is my - - -m,,. As a corollary of Proposition 22.6, if (u¥);c,
is a basis for Ej, 1 < k < n, then every tensor z € F; ® --- ® E,, can be written in a unique
way as

d= Y Ml ® B,

(il,...,in) el x..x1In

for some unique family of scalars \;, ;. € K, all zero except for a finite number.
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22.3 Some Useful Isomorphisms for Tensor Products

Proposition 22.7 Given 3 vector spaces E,F,G, there exists unique canonical isomor-
phisms

(1) EQ F~F®FE
(2)  EQF)GE®(FRG) ~~EQF®G
(3) (E®&F)@G~(ERG)® (F®QG)
(4) K E~FE
such that respectively
(a) U@V VvRu
(b)) (V)W uUR (VW) = uURVRwW

(c) (u, v) @wr— (U@ w, v W)
(d) X ® u— Au.

Proof. These isomorphisms are proved using the universal mapping property of tensor prod-
ucts. We illustrate the proof method on (2). Fix some w € G. The map

(u, v) 2 UV W
from E'x F to E® F ®(G is bilinear, and thus, there is a linear map f,: FQF — FRQFRG,
such that f,(u®v) =u®v® w.

Next, consider the map
(2, w) = fu(2),

from (FE® F) x G into E® F ® G. It is easily seen to be bilinear, and thus, it induces a

linear map
ff(EFEQF)G—-EQRF®G,

such that f((u®v) W) =uU® v ® w.

Also consider the map
(u, v,w) = (LR V) ®w

from EF'x F'x G to (E® F)® G. It is trilinear, and thus, there is a linear map
g EQQF®G— (EQF)®G,

such that g(u ® v @ w) = (1 ® v) @ w. Clearly, fog and go f are identity maps, and thus,
f and ¢ are isomorphisms. The other cases are similar. [J
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Given any three vector spaces, F/, F, G, we have the canonical isomorphism
Hom(FE, F; G) = Hom(F, Hom(F, G)).

Indeed, any bilinear map, f: E x F — G, gives the linear map, ¢(f) € Hom(E, Hom(F, G)),
where ¢(f)(u) is the linear map in Hom(F, G) given by

p(Nw)(v) = fu,v).

Conversely, given a linear map, g € Hom(F, Hom(F,G)), we get the bilinear map, ¥(g),
given by

¢(g)(u’v) = g(“)(”)?
and it is clear that ¢ and ¥ and mutual inverses. Consequently, we have the important
corollary:

Proposition 22.8 For any three vector spaces, E, F, G, we have the canonical isomorphism,

Hom(FE ® F,G) = Hom(E, Hom(F, G)),

22.4 Duality for Tensor Products

In this section, all vector spaces are assumed to have finite dimension. Let us now see how
tensor products behave under duality. For this, we define a pairing between £} ®---®@ E* and
Ey®---® E, as follows: For any fixed (v},...,v}) € Ef X --- x E* we have the multilinear
map,

lvf ..... 'U;‘l: (u17"'7un) HUT(Ul)"'U;(UH)a

from Ey x -+ x E, to K. The map l,:
L~
1

..... »: extends uniquely to a linear map,
vt B @ ®@ B, — K. We also have the multilinear map,

.....

(v, ..., 0) — Lot

r n

from E} x --- x Ef to Hom(F; ® -+ ® F,, K), which extends to a linear map, L, from
Ef®---®E! to Hom(E), ® --- ® E,, K). However, in view of the isomorphism,

Hom(U ® V, W) = Hom (U, Hom(V, W)),
we can view L as a linear map,
L:(Ef®---QFE)®(E® - ®E,) = K,
which corresponds to a bilinear map,

(Bf® - QFE)x (1 ®---®E,) — K,
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via the isomorphism (U ® V)* = L(U,V; K). It is easy to check that this bilinear map is
nondegenerate and thus, by Proposition 22.1, we have a canonical isomorphism,

(B1® - @E,) 2E[®--® K]

This, together with the isomorphism, L(E, ..., E,;; K) = (F1®---® E,)*, yields a canonical
isomorphism

L(E,....EnK)~2E @ ®E".

We prove another useful canonical isomorphism that allows us to treat linear maps as
tensors.

Let E and F be two vector spaces and let av: E* x F — Hom(F, F') be the map defined
such that

a(u’, f)(x) = u*(z)f,

for all u* € E*, f € F', and x € E. This map is clearly bilinear and thus, it induces a linear
map,
ag: E*® F — Hom(E, F),

such that
ag(u” ® f)(z) = u(z)f.

Proposition 22.9 If E and F are vector spaces with E of finite dimension, then the linear
map, ag: E*®@ F — Hom(E, F), is a canonical isomorphism.

Proof. Let (ej)1<j<n be a basis of £ and, as usual, let e} € E* be the linear form defined by

ei(er) = Ojk,

where 0;;, = 1 iff j = k and 0 otherwise. We know that (e})i<j<n is a basis of E* (this is
where we use the finite dimension of F). Now, for any hnear map, [ € Hom(E, F), for every
r=ux1e1+ -+ xe, € FE, we have

f(@) = flarer + -+ anen) = a1 f(er) + -+ anf(en) = er(x) fler) + - + e (x) f(en).

Consequently, every linear map, f € Hom(E, F'), can be expressed as

f@) =ei(@)fi+ - +en(2) fn,

for some f; € F. Furthermore, if we apply f to e;, we get f(e;) = fi, so the f; are unique.
Observe that

n

(ap(ef @ fit - +er @ fu)(@) =) (as(e @ fi)) Ze

=1
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Thus, o is surjective. As (e})i<j<n is a basis of £, the tensors e @ f, with f € F, span
E*® F. Thus, every element of E*® F is of the form > " | ef® f;, for some f; € F. Assume

a@(z e; ® fi) = a@(z e @ f) =

for some f;, f € F and some f € Hom(E, F'). Then for every x € E,
>_ei@)fi=) el ()
i=1 i=1
Since the f; and f! are uniquely determined by the linear map, f, we must have f; = f/ and
Qg is injective. Therefore, aig is a bijection. O
Note that in Proposition 22.9, the space F' may have infinite dimension but E has finite
dimension. In view of the canonical isomorphism
Hom(Ey,...,E;; F) 2 Hom(E; ® -+ ® E,, F)

and the canonical isomorphism (F} ® --- ® E,)" = E} ® --- ® E, where the E;’s are finite-
dimensional, Proposition 22.9 yields the canonical isomorphism

Hom(E),...,E;F) = E/®---Q E' @ F.

22.5 Tensor Algebras

The tensor product
Ve - -V

is also denoted as

é V or V@™

and is called the m-th tensor power of V (with V®! =V and V®° = K). We can pack all
the tensor powers of V' into the “big” vector space,

V)= ver,

m>0

also denoted T*(V'), to avoid confusion with the tangent bundle. This is an interesting object
because we can define a multiplication operation on it which makes it into an algebra called
the tensor algebra of V. When V is of finite dimension n, this space corresponds to the
algebra of polynomials with coefficients in K in n noncommuting variables.

Let us recall the definition of an algebra over a field. Let K denote any (commutative)
field, although for our purposes, we may assume that K = R (and occasionally, K = C).
Since we will only be dealing with associative algebras with a multiplicative unit, we only
define algebras of this kind.
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Definition 22.3 Given a field, K, a K-algebra is a K-vector space, A, together with a
bilinear operation, -: A x A — A, called multiplication, which makes A into a ring with
unity, 1 (or 14, when we want to be very precise). This means that - is associative and that
there is a multiplicative identity element, 1, so that 1-a =a -1 = a, for all a € A. Given
two K-algebras A and B, a K-algebra homomorphism, h: A — B, is a linear map that is
also a ring homomorphism, with h(14) = 15.

For example, the ring, M, (K), of all n x n matrices over a field, K, is a K-algebra.

There is an obvious notion of ideal of a K-algebra: An ideal, 2 C A, is a linear subspace
of A that is also a two-sided ideal with respect to multiplication in A. If the field K is
understood, we usually simply say an algebra instead of a K-algebra.

We would like to define a multiplication operation on 7'(V') which makes it into a K-

algebra. As
V)= v,
i>0
for every i > 0, there is a natural injection ¢,,: V¥ — T'(V'), and in particular, an injection
to: K — T (V). The multiplicative unit, 1, of T'(V) is the image, ¢o(1), in T(V') of the unit,
1, of the field K. Since every v € T'(V') can be expressed as a finite sum

v = Lm(vl) Tt Lnk(vk)7

where v; € V®™ and the n; are natural numbers with n; # n; if i # j, to define multiplica-
tion in T'(V'), using bilinearity, it is enough to define multiplication operations,
Ve x Ver s yemin) which, using the isomorphisms, V& 22 1, (V") yield multi-
plication operations, -: 1, (VE™) X 1,(VE™) — 1,0, (VE™+™)). More precisely, we use the
canonical isomorphism,

Ve g yen o2 yeimin),

which defines a bilinear operation,
Vem y yen V®(m+n),

which is taken as the multiplication operation. The isomorphism V&7 @ V@n =2 |/@(m+n)
can be established by proving the isomorphisms

VO o yen =2 YOMeoV ...V
VIRV Q-.-QV = yemn)

n

which can be shown using methods similar to those used to proved associativity. Of course,
the multiplication, V™ x V& — V®(m+n) ig defined so that

(M®  QUp) (WO QWy) =1 R QU QWL @ -+ @ Wy,
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(This has to be made rigorous by using isomorphisms involving the associativity of tensor
products, for details, see see Atiyah and Macdonald [9].)

Remark: It is important to note that multiplication in 7'(V') is not commutative. Also, in
all rigor, the unit, 1, of 7'(V') is not equal to 1, the unit of the field K. However, in view
of the injection tg: K — T(V), for the sake of notational simplicity, we will denote 1 by 1.
More generally, in view of the injections ¢, : V®* — T(V), we identify elements of V" with
their images in T'(V').

The algebra, T'(V'), satisfies a universal mapping property which shows that it is unique

up to isomorphism. For simplicity of notation, let i: V' — T(V') be the natural injection of
V into T'(V).

Proposition 22.10 Given any K-algebra, A, for any linear map, f:V — A, there is a
unique K-algebra homomorphism, f: T(V) — A, so that

f=7foi,

as in the diagram below:

V —5> T(V)

\ 7

A

Proof. Left an an exercise (use Theorem 22.5). OO

Most algebras of interest arise as well-chosen quotients of the tensor algebra T'(V'). This
is true for the exterior algebra, \(V') (also called Grassmann algebra), where we take the
quotient of T'(V') modulo the ideal generated by all elements of the form v ® v, where v € V|
and for the symmetric algebra, Sym(V'), where we take the quotient of T'(V') modulo the
ideal generated by all elements of the form v ® w — w ® v, where v,w € V.

Algebras such as T (V) are graded, in the sense that there is a sequence of subspaces,
Venr C T(V), such that
(V) =EPver

k>0

and the multiplication, ®, behaves well w.r.t. the grading, i.e., ®: V™ x V& — /&(m+n)
Generally, a K-algebra, F, is said to be a graded algebra iff there is a sequence of subspaces,
E™ C FE, such that

E=E"

k>0
(E° = K) and the multiplication, -, respects the grading, that is, -: E™ x E" — E™™,
Elements in E™ are called homogeneous elements of rank (or degree) n.

In differential geometry and in physics it is necessary to consider slightly more general
tensors.
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Definition 22.4 Given a vector space, V, for any pair of nonnegative integers, (r,s), the
tensor space, T"*(V'), of type (r,s), is the tensor product

TT’S(V):V®T®(V*)®S:y®"'®‘{®y*®"'®vt,

with T%9(V) = K. We also define the tensor algebra, T**(V'), as the coproduct

Tensors in 77*(V') are called homogeneous of degree (r, s).

Note that tensors in T"9(V) are just our “old tensors” in V®". We make T**(V) into an
algebra by defining multiplication operations,

Tr1:51 (V) % TT2752<V) — TT1+7”2,51+52(V)’

in the usual way, namely: For u =u; ® -+ @ u,, @ uj ® - - @ ug, and
V=010 QU V] Q- QUL | let

S27

URV=U @ Uy @V B DUy, QU@+ R UL, RV} ® - ® V]

S2°

Denote by Hom(V™", (V*)®*; W) the vector space of all multilinear maps from V" x (V*)?
to W. Then, we have the universal mapping property which asserts that there is a canonical
isomorphism

Hom(7T™*(V), W) =2 Hom(V", (V*)*; W).

In particular,

(T™*(V))" = Hom(V", (V*)*; K).
For finite dimensional vector spaces, the duality of Section 22.4 is also easily extended to the
tensor spaces 77°(V). We define the pairing
TV ) x T (V) — K
as follows: If
V=@ @U@ U @ @ Uy € TTH(VY)

and
U:U1®"'®ur®7):+1®"'®7):+5GTT’S(V),

then
(v, u) = vy (ur) - vpy (Urgs).

This is a nondegenerate pairing and thus, we get a canonical isomorphism,

(TT,S(V))* o~ TT,S(V*>'
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Consequently, we get a canonical isomorphism,

T7%(V*) =2 Hom(V", (V*)*; K).

Remark: The tensor spaces, 77°(V') are also denoted 77 (V). A tensor, a € T*(V) is
said to be contravariant in the first » arguments and covariant in the last s arguments.
This terminology refers to the way tensors behave under coordinate changes. Given a basis,
(€1,...,ep), of V., if (ef,...,e’) denotes the dual basis, then every tensor a € T"*(V) is

rn

given by an expression of the form

— 015eenslp . “ee . * e *
o = E a: 'sell® ®elr®ej1® ®€js.

The tradition in classical tensor notation is to use lower indices on vectors and upper indices
on linear forms and in accordance to Finstein summation convention (or Einstein notation)
the position of the indices on the coefficients is reversed. FEinstein summation convention is
to assume that a summation is performed for all values of every index that appears simul-
taneously once as an upper index and once as a lower index. According to this convention,
the tensor o above is written

o = azl,-‘.,lreil ® - ®eir ®e]1 Q- ®€Js.

- j17“‘)j3
An older view of tensors is that they are multidimensional arrays of coefficients,
(aljivnjs) ’
subject to the rules for changes of bases.

Another operation on general tensors, contraction, is useful in differential geometry.

Definition 22.5 For all r, s > 1, the contraction, ¢;;: T™*(V) — T" " 1(V), with 1 <14 <
rand 1 < j <s, is the linear map defined on generators by
Cij(u1 ® - QU V] ® -+ @ })
= Uﬂf(“’i)ul@"'@{[i@..'®UT®UT®".®Q}®".®U:7

J J

where the hat over an argument means that it should be omitted.

Let us figure our what is ¢;1: TH(V) — R, that is ¢11: V@ V* — R. If (eq,...,e,)
is a basis of V' and (e},...,e") is the dual basis, every h € V ® V* = Hom(V, V') can be

r n
expressed as
n
*
h = E aij€i®6]~.

2,j=1
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As
cra(e ®ej) = dij,

we get
n

Cl’l(h) = Z A — tl"(h),

i=1
where tr(h) is the trace of h, where h is viewed as the linear map given by the matrix, (a;;).

Actually, since ¢; ; is defined independently of any basis, ¢; ; provides an intrinsic definition
of the trace of a linear map, h € Hom(V, V).

Remark: Using the Einstein summation convention, if
i15ennyi - j
a:a.l T€i1®".®€ir®6]1®"'®€]s’
then

U1y 1,0 Tk 1ol —~ j = ;
cra(a) = a; e ® R, ® Qe RNQ - QeNQ Qe

Lo Jl=156J141 500

If £ and F are two K-algebras, we know that their tensor product, £ ® F', exists as a
vector space. We can make F ® F' into an algebra as well. Indeed, we have the multilinear
map

EXFXEXF—FEQF

given by (a,b,c,d) — (ac) ® (bd), where ac is the product of a and ¢ in E and bd is the
product of b and d in F. By the universal mapping property, we get a linear map,

EQFQEQF —EQ®F.
Using the isomorphism,
EQFREQF=Z(EQF)®(E®F),

we get a linear map,
(FRF)Q(EFE®F)— E®QF,

and thus, a bilinear map,
(EQF)X(E®F)— EQF,

which is our multiplication operation in £ ® F'. This multiplication is determined by
(a®Db) - (c®d) = (ac) ® (bd).

One immediately checks that £ ® F' with this multiplication is a /K -algebra.

We now turn to symmetric tensors.
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22.6 Symmetric Tensor Powers

Our goal is to come up with a notion of tensor product that will allow us to treat symmetric
multilinear maps as linear maps. First, note that we have to restrict ourselves to a single
vector space, E, rather then n vector spaces Ei,..., F,, so that symmetry makes sense.
Recall that a multilinear map, f: E™ — F, is symmetric iff

F(Uoq), s Uom)) = flur, ..., un),

for all u; € E and all permutations, o: {1,...,n} — {1,...,n}. The group of permutations
on {1,...,n} (the symmetric group) is denoted &,. The vector space of all symmetric
multilinear maps, f: E™ — F, is denoted by S*(E; F). Note that S'(E; F) = Hom(E, F).

We could proceed directly as in Theorem 22.5, and construct symmetric tensor products
from scratch. However, since we already have the notion of a tensor product, there is a more
economical method. First, we define symmetric tensor powers.

Definition 22.6 An n-th symmetric tensor power of a vector space E, where n > 1, is a
vector space S, together with a symmetric multilinear map ¢: E™ — S, such that, for every
vector space F' and for every symmetric multilinear map f: E™ — F, there is a unique linear
map fo: S — F, with

flur, .. un) = folp(ur, ... uy,)),
for all uy,...,u, € F, or for short

J=Joop.

Equivalently, there is a unique linear map f. such that the following diagram commutes:

Er 2o

™~

First, we show that any two symmetric n-th tensor powers (S, ¢1) and (S, o) for E,
are isomorphic.

N

fo

-

T

Proposition 22.11 Given any two symmetric n-th tensor powers (S1,p1) and (Sa, p2) for
E, there is an isomorphism h: Sy — Sy such that

2 = hop.
Proof. Replace tensor product by n-th symmetric tensor power in the proof of Proposition

224. 0

We now give a construction that produces a symmetric n-th tensor power of a vector
space F.
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Theorem 22.12 Given a vector space E, a symmetric n-th tensor power (Sym"(E), )

for E can be constructed (n > 1). Furthermore, denoting o(uy,...,u,) as ug © -+ © Uy,
the symmetric tensor power Sym"(E) is generated by the vectors uy ® -++ ® u,, where
Uy, ...,u, € E, and for every symmetric multilinear map f: E" — F, the unique linear

map feo: Sym"™(E) — F such that f = fo o, is defined by

f®(u1®---®un)Zf(ul,...,un),

on the generators u; ® - -+ ® u, of Sym"(E).

Proof. The tensor power E®" is too big, and thus, we define an appropriate quotient. Let
C' be the subspace of E®™ generated by the vectors of the form

ul®"'®un_ua(1)®"'®ua(n)7
for all u; € F, and all permutations o: {1,...,n} — {1,...,n}. We claim that the quotient

space (E®™)/C does the job.
Let p: E®™ — (E®")/C be the quotient map. Let ¢: E™ — (E®")/C be the map

(Ugy ..oy tp) = plug @+ @ uy,),

or equivalently, ¢ = p o g, where po(ug, ..., u,) = U @ -+ & Uy,

Let us denote p(uq,...,u,) as u; ® -+ ® u,. It is clear that ¢ is symmetric. Since the
vectors u; ® -+ ® u, generate £®", and p is surjective, the vectors u; ® -+ - ® u,, generate
(E®™)/C.

Given any symmetric multilinear map f: E™ — F, there is a linear map fg: E®" — F
such that f = fg o g, as in the diagram below:

However, since f is symmetric, we have fg(z) = 0 for every z € E®". Thus, we get an
induced linear map h: (E®")/C — F, such that h([z]) = fg(z), where [z] is the equivalence
class in (E®")/C of z € E®™:

Er =5 (EO)/C

RN

F

However, if a linear map fu: (E®")/C — F exists, since the vectors u; ® -- - ® u,, generate
(E®™)/C, we must have

f®<u1®'“®un>:f<u17"'7un)7
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which shows that h and f. agree. Thus, Sym"(F) = (E®")/C and ¢ constitute a symmetric
n-th tensor power of E. [J

Again, the actual construction is not important. What is important is that the symmetric
n-th power has the universal mapping property with respect to symmetric multilinear maps.

Remark: The notation ® for the commutative multiplication of symmetric tensor powers is
not standard. Another notation commonly used is -. We often abbreviate “symmetric tensor
power” as “symmetric power”. The symmetric power, Sym"(FE), is also denoted Sym"FE or
S(E). To be consistent with the use of ®, we could have used the notation ()" E. Clearly,
Sym'(E) & E and it is convenient to set Sym°(E) = K.

The fact that the map ¢: E" — Sym"(F) is symmetric and multinear, can also be
expressed as follows:
U1®"'®(Ui+%’)®"‘®un = (Ul@"'QUi@“‘@Un)
+ (U O OU O Ouy),
WO OM)O QU = AW O OO - O uy),
Ug(1) O  OUgn)y = UL O O Uy,

for all permutations o € G,,.

The last identity shows that the “operation” ® is commutative. Thus, we can view the
symmetric tensor u; ® - -+ ® u, as a multiset.

Theorem 22.12 yields a canonical isomorphism
Hom(Sym"(E), F)  S(E™; F),

between the vector space of linear maps Hom(Sym"(F), F), and the vector space of sym-
metric multilinear maps S(E™; F'), via the linear map — o ¢ defined by

h— h oo,

where h € Hom(Sym"(FE), F). Indeed, h o ¢ is clearly symmetric multilinear, and since by
Theorem 22.12, for every symmetric multilinear map f € S(E™; F'), there is a unique linear
map fo € Hom(Sym"(E), F') such that f = f o ¢, the map — o ¢ is bijective. As a matter
of fact, its inverse is the map

f e fo

In particular, when F' = K, we get a canonical isomorphism

(Sym"(E))" = S"(E; K).

Symmetric tensors in Sym"(FE) are also called symmetric n-tensors, and tensors of the
form uy ® - -+ ® uy,, where u; € E, are called simple (or decomposable) symmetric n-tensors.
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Those symmetric n-tensors that are not simple are often called compound symmetric n-
tensors.

Given two linear maps f: £ — E' and g: E — E’, we can define h: E x E — Sym?(E")
by
h(u, v) = f(u) © g(v).

It is immediately verified that h is symmetric bilinear, and thus, it induces a unique linear
map
f®g: Sym*(E) — Sym?*(E),

such that
(fog(uov)= f(u) © g(u)

If we also have linear maps f': B/ — E” and ¢': E' — E”, we can easily verify that

(ffef)o(dog)=(f@gd)o(fOg).

The generalization to the symmetric tensor product f; ® --- ® f,, of n > 3 linear maps
fi: E — E' is immediate, and left to the reader.

22.7 Bases of Symmetric Powers

The vectors uy ®- - - ®u,, where uq, ..., u, € E, generate Sym"(FE), but they are not linearly
independent. We will prove a version of Proposition 22.6 for symmetric tensor powers. For
this, recall that a (finite) multiset over a set I is a function M : I — N, such that M (i) # 0
for finitely many i € I, and that the set of all multisets over I is denoted as N). We let
dom(M) = {i € I | M(i) # 0}, which is a finite set. Then, for any multiset A/ € NU), note
that the sum ., M(i) makes sense, since »_,.; M (i) = > icqomar M(7), and dom(M)
is finite. For every multiset M € NU) for any n > 2, we define the set Jy; of functions
n:{1,...,n} = dom(M), as follows:

T =A{n|n:{1,...,n} = dom(M), |n~'(i)| = M(i), i € dom(M), > M(i) = n}.

iel

In other words, if 3, ; M (i) = n and dom(M) = {iy,...,i}," any function n € Jy; specifies
a sequence of length n, consisting of M (i1) occurrences of iy, M (is) occurrences of is,.. .,
M (i) occurrences of iy. Intuitively, any 7 defines a “permutation” of the sequence (of length
n)

(i1, 01, Gy ey ooy ey iR)

S—— S——

M (i1) M (iz) M (i)

I'Note that must have k < n.
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Given any k > 1, and any u € E, we denote

u@...@u
k

as u®k.

We can now prove the following Proposition.
Proposition 22.13 Given a vector space E, if (u;)ier is a basis for E, then the family of

vectors
(UQM(h) o0 ugM(ik>)
MeNU), Yier M(@)=n, {i1,...,ig }=dom(M)

is a basis of the symmetric n-th tensor power Sym"(FE).

Proof. The proof is very similar to that of Proposition 22.6. For any nontrivial vector space
F, for any family of vectors

(Wat) enm, 5, M(i)=n>

we show the existence of a symmetric multilinear map h: Sym"(E) — F, such that for every
M e NU) with Y, M(i) = n, we have

h(ugM(’h) oXNo, uiM(ik)) = wyy,

where {iy,... iy} = dom(M). We define the map f: E" — F as follows:

A b ) = X (X vk ) o

fel Jn€l MeNT neJar
Zie] M(i):n

It is not difficult to verify that f is symmetric and multilinear. By the universal mapping
property of the symmetric tensor product, the linear map f5: Sym"(E) — F such that
f = fo o, is the desired map h. Then, by Proposition 22.3, it follows that the family

i1 ik

(u@M(il) oo u@M(m)
MeNU), >ier M(i)=n, {i1,...,i}=dom (M)

is linearly independent. Using the commutativity of ®, we can also show that these vectors
generate Sym"(F), and thus, they form a basis for Sym"(F). The details are left as an
exercise. [

As a consequence, when [ is finite, say of size p = dim(F), the dimension of Sym"(FE) is
the number of finite multisets (ji, ..., j,), such that j; +--- 4+ j, = n, jr > 0. We leave as
an exercise to show that this number is (p+2_1). Thus, if dim(FE) = p, then the dimension of
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Sym"(E) is (p +"71). Compare with the dimension of E®™, which is p™. In particular, when

p = 2, the dimension of Sym"(FE) is n + 1. This can also be seen directly.
Remark: The number (p+z_1) is also the number of homogeneous monomials
X{l e XIJ)Z)

of total degree n in p variables (we have j; + --- + j, = n). This is not a coincidence!
Symmetric tensor products are closely related to polynomials (for more on this, see the next
remark).

Given a vector space E and a basis (u;);e; for E, Proposition 22.13 shows that every
symmetric tensor z € Sym"(E) can be written in a unique way as

MeNU)
Ziel M (i)=n
{i1,...,ix }=dom(M)
for some unique family of scalars Ay, € K, all zero except for a finite number.

This looks like a homogeneous polynomial of total degree n, where the monomials of total
degree n are the symmetric tensors

wOMW 5. UQM(%),

11

in the “indeterminates” w;, where ¢ € I (recall that M (iy) + --- 4+ M(ix) = n). Again, this
is not a coincidence. Polynomials can be defined in terms of symmetric tensors.
22.8 Some Useful Isomorphisms for Symmetric Powers

We can show the following property of the symmetric tensor product, using the proof tech-
nique of Proposition 22.7:

Sym"(E @ F) = @Sym ) ® Sym™ *(F).

22.9 Duality for Symmetric Powers

In this section, all vector spaces are assumed to have finite dimension. We define a nonde-
generate pairing, Sym"(E*) x Sym"(E) — K, as follows: Consider the multilinear map,

()" x E* — K,

given by

—
*

VY sy U UL, ey Uy Z Ugy(Ur) = 05 (Un)-

O’GGn
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Note that the expression on the right-hand side is “almost” the determinant, det(v}(u;)),
except that the sign sgn(o) is missing (where sgn(o) is the signature of the permutation
o, that is, the parity of the number of transpositions into which o can be factored). Such
an expression is called a permanent. It is easily checked that this expression is symmetric
w.r.t. the u;’s and also w.r.t. the vj. For any fixed (v7,...,v;) € (E*)", we get a symmetric
multinear map,

los ozt (Uay ooy U ) Z U;u)(ul) o 'UZ(n)(Un)a

O’EGn

<. Sym"(F) — K.

n

from E" to K. The map lv;,...,v; extends uniquely to a linear map, Ly, .w
Now, we also have the symmetric multilinear map,

(v, vn) = Lor o,

from (£*)" to Hom(Sym"(E), K), which extends to a linear map, L, from Sym"(E*) to
Hom(Sym"(FE), K'). However, in view of the isomorphism,

Hom(U ® V,W) = Hom (U, Hom(V, W)),
we can view L as a linear map,
L: Sym"(£*) @ Sym"(E) — K,
which corresponds to a bilinear map,
Sym"(E*) x Sym"(E) — K.

Now, this pairing in nondegenerate. This can be done using bases and we leave it as an exer-
cise to the reader (see Knapp [89], Appendix A). Therefore, we get a canonical isomorphism,

(Sym"(E))" = Sym"(E").
Since we also have an isomorphism
(Sym™(E))" = S*(E, K),
we get a canonical isomorphism
Sym"(E*) 2 S"(E, K)
which allows us to interpret symmetric tensors over £* as symmetric multilinear maps.

Remark: The isomorphism, p: Sym"(E*) = S"(E, K), discussed above can be described
explicity as the linear extension of the map given by

p(vy © - O up)(ur, .., up) = Z Ugy(Ur) = 05 (Un).-

O’GGn
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Now, the map from E" to Sym"(FE) given by (uy,...,u,) = u; ® -+ ® u, yields a
surjection, 7: E®" — Sym"(FE). Because we are dealing with vector spaces, this map has
some section, that is, there is some injection, ¢: Sym™(E) — E®", with mo. = id. If our field,
K, has characteristic 0, then there is a special section having a natural definition involving
a symmetrization process defined as follows: For every permutation, o, we have the map,
re: E" — E®" given by

To(Ut, .. s Un) = Usg(1) @ -+ @ Ug(n)-

As r, is clearly multilinear, 7, extends to a linear map, r,: E" — E®" and we get a map,
S, x E®" — E®" namely,
0-z=ryz2).

It is immediately checked that this is a left action of the symmetric group, &,,, on E®™ and
the tensors z € E®" such that

o-z=2z forall c€6G,

are called symmetrized tensors. We define the map, ¢: E™ — E®", by
1 1
W, un) = — > o (@ Qu) = — D o) @ -+ O U
ceS, ceS,

As the right hand side is clearly symmetric, we get a linear map, ¢: Sym"(E) — E®".
Clearly, ¢(Sym"(F)) is the set of symmetrized tensors in E®". If we consider the map,
S =iom: E®" — E®" it is easy to check that SoS = S. Therefore, S is a projection and
by linear algebra, we know that

E®" = S(E®") @ Ker S = «(Sym"(E)) & Ker S.

It turns out that Ker S = E®"NJ = Ker 7, where J is the two-sided ideal of T(E) generated
by all tensors of the form u ®@ v — v ®@ u € E®? (for example, see Knapp [89], Appendix A).
Therefore, ¢ is injective,

E®" = (Sym™(E)) ® E®* NJ = «(Sym™(E)) & Ker,

and the symmetric tensor power, Sym"(F), is naturally embedded into E®".

22.10 Symmetric Algebras

As in the case of tensors, we can pack together all the symmetric powers, Sym"(V'), into an
algebra,

Sym(V) = @ Sym™(V),
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called the symmetric tensor algebra of V. We could adapt what we did in Section 22.5 for
general tensor powers to symmetric tensors but since we already have the algebra, T'(V),
we can proceed faster. If J is the two-sided ideal generated by all tensors of the form
uRv—v®u €V, we set

Sym*(V)=T(V)/3.
Then, Sym®(V') automatically inherits a multiplication operation which is commutative and
since T'(V') is graded, that is,

(V)= Ve

m>0

we have
Sym*(V) = € vem/(anvem).

m2>0

However, it is easy to check that
Sym™(V) = Ve /(TNVE™),

SO

Sym*(V) = Sym(V).

When V is of finite dimension, n, T'(V') corresponds to the algebra of polynomials with
coefficients in K in n variables (this can be seen from Proposition 22.13). When V' is of
infinite dimension and (u;);e; is a basis of V', the algebra, Sym(V'), corresponds to the
algebra of polynomials in infinitely many variables in /. What’s nice about the symmetric
tensor algebra, Sym(V'), is that it provides an intrinsic definition of a polynomial algebra in
any set, I, of variables.

It is also easy to see that Sym(V') satisfies the following universal mapping property:

Proposition 22.14 Given any commutative K-algebra, A, for any linear map, f: V — A,

there is a unique K-algebra homomorphism, f: Sym(V) — A, so that
f=rFoi,

as in the diagram below:

V —=L Sym(V)

N

Remark: If E is finite-dimensional, recall the isomorphism, p: Sym"(E*) — S"(E, K),
defined as the linear extension of the map given by

p(vy © - O up)(ur, .., up) = Z Ugay (U1) + - U5y (Un),

O’GGn
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Now, we have also a multiplication operation, Sym™(E*) x Sym"(E*) — Sym™*"(E*). The
following question then arises:

Can we define a multiplication, S™(E, K) x S"(E, K) — S™"(E, K), directly on sym-
metric multilinear forms, so that the following diagram commutes:

Sym™(E*) x Sym™(E*) —== Sym™""(E*)

= |+

S"(B, K) x S"(E, K) —— S™"(E, K).

The answer is yes! The solution is to define this multiplication such that, for f € S™(E, K)
and g € S"(F, K),

(f ’ g)(uh cee 7um+n) = Z f(u0(1)7 < 7u0(m))g<u0(m+1)> cee aucr(ern)):

oeshuffle(m,n)

where shuffle(m, n) consists of all (m, n)-“shuffles”, that is, permutations, o, of {1,...m+n},
such that (1) < --- < o(m) and o(m + 1) < --- < g(m +n). We urge the reader to check
this fact.

Another useful canonical isomorphim (of K-algebras) is

Sym(E @ F) = Sym(F) ® Sym(F).

22.11 Exterior Tensor Powers

We now consider alternating (also called skew-symmetric) multilinear maps and exterior
tensor powers (also called alternating tensor powers), denoted A"(E). In many respect,
alternating multilinear maps and exterior tensor powers can be treated much like symmetric
tensor powers except that the sign, sgn(o), needs to be inserted in front of the formulae valid
for symmetric powers. Roughly speaking, we are now in the world of determinants rather
than in the world of permanents. However, there are also some fundamental differences, one
of which being that the exterior tensor power, A"(E), is the trivial vector space, (0), when
E is finite-dimensional and when n > dim(E). As in the case of symmetric tensor powers,
since we already have the tensor algebra, T'(V'), we can proceed rather quickly. But first, let
us review some basic definitions and facts.

Definition 22.7 Let f: E™ — F be a multilinear map. We say that f alternating iff
f(ug, ... ,u,) = 0 whenever u; = w1, for some i with 1 < i < n—1, for all u; € E,
that is, f(uy,...,u,) = 0 whenever two adjacent arguments are identical. We say that f is
skew-symmetric (or anti-symmetric) iff

f(Uoq), - -5 Uomy) = sgn(o) f(ui, ..., uy),

for every permutation, o € &,,, and all u; € E.
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For n = 1, we agree that every linear map, f: £ — F, is alternating. The vector
space of all multilinear alternating maps, f: E™ — F, is denoted Alt"(E;F). Note that
Alt'(E; F) = Hom(E, F). The following basic proposition shows the relationship between
alternation and skew-symmetry.

Proposition 22.15 Let f: E™ — F be a multilinear map. If f is alternating, then the
following properties hold:

(1) For all i, with1 <i<n—1,

floug,wig, o) = —f( o Ui, Uy - )
(2) For every permutation, o € &,

f(Ueq), - s Uom)) = sgn(o) f(ur, ..., uy).

(8) For alli,j, with1 <i<j<nmn,

fl o u, . cuy,...) =0 whenever u; = u;.

Moreover, if our field, K, has characteristic different from 2, then every skew-symmetric
multilinear map 1s alternating.

Proof. (i) By multilinearity applied twice, we have

f("'vui+ui+17ui+ui+17"'):f("'vui7ui7"')+f<"‘7ui7ui+17"')
+ f O Ui, Uiy ) A (o Ui, Ui, )

Since f is alternating, we get
0= f(...,ui,uiﬂ,...) —i—f(...,uiﬂ,ui,...),

that iS, f( ey Uiy Uiy 1,y - - ) = —f( vy Uit 1, Uy - - )

(ii) Clearly, the symmetric group, &, acts on Alt"(E; F) on the left, via

g - f(ul, Ce ,un) = f(ug(l), Ce ,uo(n)).

Consequently, as G,, is generated by the transpositions (permutations that swap exactly two
elements), since for a transposition, (ii) is simply (i), we deduce (ii) by induction on the
number of transpositions in o.

(iii) There is a permutation, o, that sends u; and u; respectively to u; and uy. As f is
alternating,
f(ug(l), .. ,uo(n)) =0.
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However, by (ii),
flu, .. up) = sgn(0) f(Us), - - - s Uomy) = 0.
Now, when f is skew-symmetric, if o is the transposition swapping u; and w11 = u;, as
sgn(o) = —1, we get
Floupuy,. o) =—f( . u,u,. ),
so that
2f (... us,uy, . ..) =0,
and in every characteristic except 2, we conclude that f(..., u;,u;,...) = 0, namely, f is
alternating. [J

Proposition 22.15 shows that in every characteristic except 2, alternating and skew-
symmetric multilinear maps are identical. Using Proposition 22.15 we easily deduce the
following crucial fact:

Proposition 22.16 Let f: E™ — F be an alternating multilinear map. For any families of

vectors, (uq,...,u,) and (vy,...,v,), with u;,v; € E, if
n
Uj:Zaijuia 1<j<n,
i=1
then

flor, ... 0,) = ( Z sgn (o) ag(1y1 - - - %(n),n> flug, ... uy) =det(A) f(ug, ..., uy),

€S,

where A is the n x n matriz, A = (a;;).

Proof. Use property (ii) of Proposition 22.15. 0.

We are now ready to define and construct exterior tensor powers.

Definition 22.8 An n-th exterior tensor power of a vector space, E, where n > 1, is a
vector space, A, together with an alternating multilinear map, ¢: E™ — A, such that, for
every vector space, F', and for every alternating multilinear map, f: E™ — F', there is a
unique linear map, fn: A — F, with

flur, .. un) = fale(u, ... u,)),

for all uq,...,u, € E, or for short
f="TIrowp

Equivalently, there is a unique linear map f, such that the following diagram commutes:

En 2.

N

F
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First, we show that any two n-th exterior tensor powers (Ay, ¢1) and (As, p9) for E, are
isomorphic.

Proposition 22.17 Given any two n-th exterior tensor powers (A1, 1) and (Aa, v2) for E,
there is an isomorphism h: Ay — Ay such that

02 = hop.

Proof. Replace tensor product by n exterior tensor power in the proof of Proposition 22.4.
O

We now give a construction that produces an n-th exterior tensor power of a vector space

E.

Theorem 22.18 Given a vector space E, an n-th exterior tensor power (\"(E), ) for E
can be constructed (n > 1). Furthermore, denoting p(uy, ..., uy,) asui A---Au,, the exterior
tensor power \"(E) is generated by the vectors uy A - -+ A uy,, where uy, ..., u, € E, and for

every alternating multilinear map f: E™ — F, the unique linear map fn: N"(E) — F such
that f = fx o, is defined by

falug A ANuy) = flur, ... uy),

on the generators uy A -+ A, of N"(E).

Proof sketch. We can give a quick proof using the tensor algebra, T(E). let J, be the
two-sided ideal of T'(F) generated by all tensors of the form v ® u € E®2. Then, let

n

A(E) = E*"/(3.0 E®")

and let 7 be the projection, m: E®* — A"(E). If we let ug A -+ Aup =7(ug @ -+ @ uy,), it
is easy to check that (A"(E), A) satisfies the conditions of Theorem 22.18. O

Remark: We can also define

AE) =T(E)/3. = P A(E),

n>0

the exterior algebra of E. This is the skew-symmetric counterpart of Sym(E) and we will
study it a little later.

For simplicity of notation, we may write \" E for \"(E). We also abbreviate “exterior
tensor power” as “exterior power”. Clearly, A'(F) 2 E and it is convenient to set \°(E) =
K.



22.11. EXTERIOR TENSOR POWERS 617

The fact that the map ¢: E™ — \"(F) is alternating and multinear, can also be expressed
as follows:

U A AN (U F0) AN AUy = (U A AU A Ay)
+ (U A A A Auy),
U A A AU A Ay = AMug Ao Aug A Ay,
Us(1) N =+ ANUg(n)y = SE(T) U A=+ AUy,

foralloc € G,,.

Theorem 22.18 yields a canonical isomorphism

n

Hom(\ (E), F) = Alt"(E; F),
between the vector space of linear maps Hom(A"(E), F'), and the vector space of alternating
multilinear maps Alt"(F; F), via the linear map — o ¢ defined by
h — ho,

where h € Hom(\"(E), F). In particular, when F = K, we get a canonical isomorphism

(;\(15)) ~ ALt (E; K).

Tensors a € N"(E) are called alternating n-tensors or alternating tensors of degree n
and we write deg(a)) = n. Tensors of the form uj A - -+ A u,, where u; € E, are called simple
(or decomposable) alternating n-tensors. Those alternating n-tensors that are not simple are
often called compound alternating n-tensors. Simple tensors uy A - -+ Au, € A"(FE) are also
called n-vectors and tensors in A" (E*) are often called (alternating) n-forms.

Given two linear maps f: E — E' and g: E — E’, we can define h: E x E — A*(E') by
h(u, v) = f(u) A g(v).

It is immediately verified that h is alternating bilinear, and thus, it induces a unique linear
map

fag: \E) = N\E),
such that
(fAg)unv) = flu) Agu).

If we also have linear maps f': E' — E” and ¢': E' — E”, we can easily verify that
(ffof)N(g og)=(f'Ng)o(fNg)

The generalization to the alternating product fiA---Af, of n > 3 linear maps f;: £ — E’
is immediate, and left to the reader.
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22.12 Bases of Exterior Powers

Let E be any vector space. For any basis, (u;);es, for E, we assume that some total ordering,
<, on X, has been chosen. Call the pair ((u;);es, <) an ordered basis. Then, for any nonempty
finite subset, I C X, let

ujzuil/\--%\uim,
where I = {i1,..., iy}, With i3 < -+ <iy,.

Since A" (F) is generated by the tensors of the form vy A -+ Awv,, with v; € E| in view of
skew-symmetry, it is clear that the tensors uy, with |I| = n, generate \"(F). Actually, they
form a basis.

Proposition 22.19 Given any vector space, E, if E has finite dimension, d = dim(FE),
then for all n > d, the exterior power N\"(E) is trivial, that is \"(E) = (0). Otherwise,
for every ordered basis, ((u;)ies, <), the family, (u;), is basis of \"(F), where I ranges over
finite nonempty subsets of ¥ of size |I| = n.

Proof. First, assume that F has finite dimension, d = dim(F) and that n > d. We know
that A\"(F) is generated by the tensors of the form vy A --- Aw,, with v; € E. If uy, ..., uy
is a basis of E, as every v; is a linear combination of the u;, when we expand v; A -+ A v,
using multilinearity, we get a linear combination of the form

Ul/\"'/\Un = Z )‘(jl,m,jn) Uj1 /\"'/\an,

(J15-23n)
where each (71, ..., j,) is some sequence of integers j € {1,...,d}. Asn > d, each sequence
(j1,---,Jn) must contain two identical elements. By alternation, u; A --- Awu;, = 0 and so,

vr A=+ A, = 0. Tt follows that A"(E) = (0).

Now, assume that either dim(F) = d and that n < d or that E is infinite dimensional.
The argument below shows that the u; are nonzero and linearly independent. As usual, let
u! € E* be the linear form given by

u; (uj) = 0ij.

For any nonempty subset, I = {iy,...,i,} C 3, with iy < --- < i,, let I; be the map given
by
(i, vp) = det(ug (vi)),

for all v, € E. As [ is alternating multilinear, it induces a linear map, L;: A"(F) — K.
Observe that for any nonempty finite subset, J C ¥, with |.J| = n, we have

1 ifr=J
Litus) = {o i1 4.
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Note that when dim(£) = d and n < d, the forms v} ,...,u; are all distinct so, the above

217
does hold. Since L;(uy) = 1, we conclude that u; # 0. Now, if we have a linear combination,

Z )\[U] = 0,
I

where the above sum is finite and involves nonempty finite subset, I C X, with |I| = n, for
every such I, when we apply L; we get

Ar =0,
proving linear independence. []

As a corollary, if F is finite dimensional, say dim(F) = d and if 1 < n < d, then we have

dim(\(E)) = (Z)
and if n > d, then dim(A"(EF)) = 0.

Remark: When n = 0, if we set ug = 1, then (ug) = (1) is a basis of A°(V) = K.

It follows from Proposition 22.19 that the family, (u;);, where I C ¥ ranges over finite
subsets of X is a basis of A(V) = @,59 A"(V).

As a corollary of Proposition 22.19 we obtain the following useful criterion for linear
independence:

Proposition 22.20 For any vector space, E, the vectors, uy, ... ,u, € E, are linearly inde-
pendent iff uy A -+ Au, # 0.

Proof. Tf uy A -+ ANu, # 0, then uq, ..., u, must be linearly independent. Otherwise, some
w; would be a linear combination of the other w;’s (with j # ¢) and then, as in the proof
of Proposition 22.19, u; A --- A u, would be a linear combination of wedges in which two
vectors are identical and thus, zero.

Conversely, assume that wuq,...,u, are linearly independent. Then, we have the linear
forms, u; € E*, such that

As in the proof of Proposition 22.19, we have a linear map, Ly, ., : N"(F) — K, given by

.....

.....

we conclude that u; A--- Au, #0. O

Proposition 22.20 shows that, geometrically, every nonzero wedge, uy A --- A u,, corre-
sponds to some oriented version of an n-dimensional subspace of E.
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22.13 Some Useful Isomorphisms for Exterior Powers

We can show the following property of the exterior tensor product, using the proof technique
of Proposition 22.7:

n

ANEer)=2=@PNAE) /_\(F).

22.14 Duality for Exterior Powers

In this section, all vector spaces are assumed to have finite dimension. We define a nonde-
generate pairing, A"(E*) x AN"(E) — K, as follows: Consider the multilinear map,

(B*)" x B" — K,
given by
(V] U Uy, e Uy ) Z sgn () vy (1)« + - Vg ) (un) = det(v] (u;)).
G’€6n

It is easily checked that this expression is alternating w.r.t. the ;’s and also w.r.t. the v7.
For any fixed (v},...,v}) € (E*)", we get an alternating multinear map,

log,on s (Uns - o ) = det(vF (ug)),

from E" to K. By the argument used in the symmetric case, we get a bilinear map,
NE) x \(E) — K.
Now, this pairing in nondegenerate. This can be done using bases and we leave it as an
exercise to the reader. Therefore, we get a canonical isomorphism,
(A\E) = \(E).
Since we also have a canonical isomorphism
(A\(E)" = Al™(E; K),
we get a canonical isomorphism

N\(E") = Alt"(E; K)

which allows us to interpret alternating tensors over E* as alternating multilinear maps.
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The isomorphism, u: A"(E*) = Alt"(F; K), discussed above can be described explicity
as the linear extension of the map given by

pop A Avp)(ua, - up) = det(v)(uy)).

Remark: Variants of our isomorphism, pu, are found in the literature. For example, there

is a version, yu’, where

1

1= —u

n!
with the factor # added in front of the determinant. Each version has its its own merits
and inconvenients. Morita [114] uses p/ because it is more convenient than 1 when dealing
with characteristic classes. On the other hand, when using p/, some extra factor is needed
in defining the wedge operation of alternating multilinear forms (see Section 22.15) and for
exterior differentiation. The version p is the one adopted by Warner [147], Knapp [89],
Fulton and Harris [57] and Cartan [29, 30].

If f: E — F is any linear map, by transposition we get a linear map, f': F* — E*,
given by
Ty =v'of, v eF"
Consequently, we have

FT ) (u) = v* (f(u)), for allu € F and all v* € F™*.

For any p > 1, the map,

(U1,...,Up)i—>f(u1)/\---/\f(up),

from E™ to A" F is multilinear alternating, so it induces a linear map, A” f: A"E — A" F,
defined on generators by

(/p\f>(“1A"'Aup) = flur) Ao A fup).

Combining A? and duality, we get a linear map, A” f': AP’ F'* — AP E*, defined on gener-
ators by

p
(AST) Wi A nvp) = FT@) A A FT ().

Proposition 22.21 If f: E — F is any linear map between two finite-dimensional vector

spaces, E and F', then

p

M((/p\fT>(w)>(U1,...,up) = pu(W)(f(u), .-, f(uy)), w E /\F*, Up,...,uy € E.
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Proof. 1t is enough to prove the formula on generators. By definition of u, we have

p((ANST) @A Ao ) = @) A A ST (), p)
= det(f" (v})(w))
— det(v}(f(ur)))
_ M(UI/\.../\U;)(f(ul),...,f(up)),

as claimed. [J

The map A? f' is often denoted f*, although this is an ambiguous notation since p is
dropped. Proposition 22.21 gives us the behavior of f* under the identification of A” E* and
Alt’(F; K) via the isomorphism pu.

As in the case of symmetric powers, the map from E™ to A" (E) given by (uy, ..., u,) —
uy A+ - - A, yields a surjection, 7: E®" — A\"(E). Now, this map has some section so there
is some injection, t: A"(F) — E®" with w o = id. If our field, K, has characteristic 0,
then there is a special section having a natural definition involving an antisymmetrization
process.

Recall that we have a left action of the symmetric group, &,, on E®". The tensors,
z € E®", such that

o-z=sgn(o)z, forall o€,

are called antisymmetrized tensors. We define the map, ¢: E" — E®", by

1
Wu, . up) = ol Z sgN(0) Ug(1) ® + + + @ Ug(n)-

T oe6,

As the right hand side is clearly an alternating map, we get a linear map, ¢: A"(E) — E®™.
Clearly, «(A\"(F)) is the set of antisymmetrized tensors in E®™. If we consider the map,
A=rom: E®" — E®" it is easy to check that Ao A = A. Therefore, A is a projection
and by linear algebra, we know that

n

E®" = A(E®") @ Ker A = 1( /\(A)) ® Ker A.

It turns out that Ker A = E®" N 7J, = Ker 7w, where J, is the two-sided ideal of T'(E)
generated by all tensors of the form u ® u € E®? (for example, see Knapp [89], Appendix
A). Therefore, ¢ is injective,

n n

E®" = (\(E)) @ E*"nJ = (/\(E)) ®Ker,

and the exterior tensor power, \"(F), is naturally embedded into E®".
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22.15 Exterior Algebras

As in the case of symmetric tensors, we can pack together all the exterior powers, A"(V),

into an algebra,
AV) =D AWV,

m>0

called the exterior algebra (or Grassmann algebra) of V. We mimic the procedure used
for symmetric powers. If J, is the two-sided ideal generated by all tensors of the form
u®u € VO, we set

Then, A°(V) automatically inherits a multiplication operation, called wedge product, and
since T'(V) is graded, that is,

(V)= ver,

m>0

we have

AV)=E€P ver/(@3.nvem).

m>0
However, it is easy to check that

m

AW) 2 ver /3, avem),

SO

AV) = AW).

When V' has finite dimension, d, we actually have a finite coproduct

d m
AV) =D AWV,
m=0

and since each A" (V) has dimension, (), we deduce that

dim(\ (V) = 2¢ = 24

The multiplication, A: A™(V) x A"(V) — A""(V), is skew-symmetric in the following

precise sense:
Proposition 22.22 For all a« € N"(V) and all 5 € N\"(V), we have

BAa=(=1)""aAp.
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Proof. Since v A u = —u A v for all u,v € V, Proposition 22.22 follows by induction. ]

Since a A o = 0 for every simple tensor, & = uq A - - - A uy,, it seems natural to infer that
a A a =0 for every tensor « € A\(V). If we consider the case where dim(V') < 3, we can
indeed prove the above assertion. However, if dim(V') > 4, the above fact is generally false!
For example, when dim(V') = 4, if uy, ug, ug, ug are a basis for V, for a = uy A ug + ug A uy,
we check that
aa=2u; Aus A\ uz N Uy,

which is nonzero.

The above discussion suggests that it might be useful to know when an alternating tensor
is simple, that is, decomposable. It can be shown that for tensors, o € /\Q(V)7 aANa=0iff
« is simple. A general criterion for decomposability can be given in terms of some operations
known as left hook and right hook (also called interior products), see Section 22.17.

It is easy to see that A (V') satisfies the following universal mapping property:
Proposition 22.23 Given any K -algebra, A, for any linear map, f: V — A, if (f(v))> =0

for allv € V', then there is a unique K-algebra homomorphism, f: N(V) — A, so that
f="roi,

as in the diagram below:

When F is finite-dimensional, recall the isomorphism, p: A"(E*) — Alt"(E; K), de-
fined as the linear extension of the map given by

p(op A Avp) (g, - up) = det(uf(ug)).

Now, we have also a multiplication operation, A™(E*) x A"(E*) — A" (E*). The
following question then arises:

Can we define a multiplication, Alt™(FE; K) x Alt"(E; K) — Alt™*"(E; K), directly on
alternating multilinear forms, so that the following diagram commutes:

A" (E7) >L< N'(B?) —"— /\mT(E*)
Alt™(E; K) x Alt"(E; K) 2~ Alt™™(E; K).

As in the symmetric case, the answer is yes! The solution is to define this multiplication
such that, for f € Alt"(F; K) and g € Alt"(F; K),

(f A g) (ulv S >um+n) = Z Sgn(U) f(uo(1)7 cee auo(m)>g<uo(m+1)> s ,Ua(ern)),

oeshuffle(m,n)
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where shuffie(m, n) consists of all (m, n)-“shuffles”, that is, permutations, o, of {1,...m+n},
such that o(1) < --- < o(m) and o(m+1) < --- < o(m+n). For example, when m =n =1,
we have

(f A g)(u,v) = f(u)g(v) — g(u)f(v).
When m =1 and n > 2, check that

m+1

(f /\g)(u17 s ;Um+1) = Z<_1)i_1f(ui)g(u17 cee 7{[1'7 s 7um+1)7

i=1
where the hat over the argument u; means that it should be omitted.

As a result of all this, the coproduct

Alt(E) = P Alt™(E; K)

n>0

is an algebra under the above multiplication and this algebra is isomorphic to A(E*). For
the record, we state

Proposition 22.24 When E is finite dimensional, the maps, pn: N"(E*) — Alt"(E; K),
induced by the linear extensions of the maps given by

oy A Ao ) (g, - up) = det(u] ()

yield a canonical isomorphism of algebras, p: N\(E*) — Al(E), where the multiplication
in Alt(E) is defined by the maps, \: Alt™(E; K) x Alt"(E; K) — At™"(E; K), with

(f A g) (ulv s 7um+n) = Z sgn(a) f(ua(1)7 s 7ua(m))g(u0(m+1)> s auo(m+n))7

oeshuffle(m,n)

where shuffle(m, n) consists of all (m, n)- “shuffles”, that is, permutations, o, of {1,...m+n},
such that (1) < --- < o(m) and c(m+1) <--- <og(m+n).

Remark: The algebra, A\(FE) is a graded algebra. Given two graded algebras, E and F, we
can make a new tensor product, £ ® F, where F ® F is equal to F ® F as a vector space,
but with a skew-commutative multiplication given by

(a®@b) A(c®d) = (=1)* 0% (ac) @ (bd),

where a € E™ b€ FP c€ E",d € F?. Then, it can be shown that

NEsF) = \E)S \F)
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22.16 The Hodge *-Operator

In order to define a generalization of the Laplacian that will apply to differential forms on a
Riemannian manifold, we need to define isomorphisms,

k n—k
/\V—> /\V,

for any Euclidean vector space, V, of dimension n and any k, with 0 < k < n. If (— —)
denotes the inner product on V', we define an inner product on /\k V', also denoted (—, —),
by setting

(ug A N, vp A=+ Ag) = det((u, v5)),
for all u;,v; € V and extending (—, —) by bilinearity.
It is easy to show that if (eq, ..., e,) is an orthonormal basis of V', then the basis of /\k 1%
consisting of the e; (where I = {iy,... i}, with 1 <i; < -+ <, < n) is an orthonormal

basis of A" V. Since the inner product on V induces an inner product on V* (recall that
(w1, ws) = (W, Wh), for all wy,wy € V*), we also get an inner product on A" V*.

Recall that an orientation of a vector space, V', of dimension n is given by the choice
of some basis, (e1,...,e,). We say that a basis, (uy,...,u,), of V is positively oriented iff
det(uy,...,u,) > 0 (where det(uy, ..., u,) denotes the determinant of the matrix whose jth
column consists of the coordinates of u; over the basis (ey, ..., e,)), otherwise it is negatively
oriented. An oriented vector space is a vector space, V', together with an orientation of V.
If V' is oriented by the basis (ey,...,e,), then V* is oriented by the dual basis, (e}, ..., e€}).

r n

If V' is an oriented vector space of dimension n, then we can define a linear map,

k n—k
< \V—= A\V.
called the Hodge *x-operator, as follows: For any choice of a positively oriented orthonormal
basis, (e1,...,€e,), of V| set

k(epy Aoe-ANeg) =epr1 A Aep.
In particular, for £ = 0 and k£ = n, we have

(1) = eg A+ ANey
x(eg Ao~ Ney) = L
It is easy to see that the definition of * does not depend on the choice of positively oriented
orthonormal basis.

The Hodge *-operators, *: /\k V — /\"_k V', induces a linear bijection,
«: N(V) = A(V). We also have Hodge s-operators, x: A" V* — A" " V*.

The following proposition is easy to show:
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Proposition 22.25 If V' is any oriented vector space of dimension n, for every k, with
0 <k <n, we have

(i) % = (—id)*=F),

(ii) (x,y) = x(x Axy) = *(y Axx), for all z,y € \"V.

If (e1,...,ey,) is an orthonormal basis of V' and (vy,...,v,) is any other basis of V| it is

easy to see that
V1 A Ay, =1 /det((vi,v)) er A Aey,

from which it follows that
1
(1) = ————=v1 A Ay

Vv det((vi, v))

(see Jost [83], Chapter 2, Lemma 2.1.3).

22.17 Testing Decomposability; Left and Right Hooks

In this section, all vector spaces are assumed to have finite dimension. Say dim(E) = n.
Using our nonsingular pairing,

p p
(- =) NEEx NE—K (1<p<n),
defined on generators by
(Ui A Aug,up A - - Auy) = det(ug (v))),
we define various contraction operations,

p+q q

a /p\E X /\E* — /\E* (left hook)

and
p+a p

q
L NE*x NE— \E*  (right hook),

as well as the versions obtained by replacing E by E* and E** by E. We begin with the left

interior product or left hook, _.

Let u € A" E. For any ¢ such that p + ¢ < n, multiplication on the right by w is a linear

map
p+q

Agr(u): /q\E—> /\E,



628 CHAPTER 22. TENSOR ALGEBRAS

given by
V= UAU

where v € A? E. The transpose of Ag(u) yields a linear map,
p+q

(Ar(w)': (N E) — (\E)",

which, using the isomorphisms (A?*? E)* = A*™ E* and (A’ E)* =2 \? E* can be viewed as

a map
p+q a

(Ar(u)'s N\ E*— N\ E",
given by
2" 2" o Ag(u),
where z* € A\P7? E*,

We denote z* o Ag(u) by

*

Uz .

In terms of our pairing, the g-vector u 1 z* is uniquely defined by
(uaz* vy = (zvAu), foralue A\PE,ve A\"E and z* € AT E*.
It is immediately verified that
(uAv) 32" =u(vazh),

so J defines a left action
pt+q q

e /p\Ex/\E—>/\E

By interchanging F and E* and using the isomorphism,

k k
(NF) = N\F
we can also define a left action
P p+q q
o NE*x NE— \E.
In terms of our pairing, u* J z is uniquely defined by

(v, u* 2z) = (v Aut,z), forallu* € A\PE* v € N’E* and z € NPT E.

In order to proceed any further, we need some combinatorial properties of the basis of
A’ E constructed from a basis, (e1,...,e,), of E. Recall that for any (nonempty) subset,
I C{1,...,n}, welet

er =€ N Nej,
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where I = {iy,...,4,} with i; <--- <i,. We also let ey = 1.

Given any two subsets H, L C {1,...,n}, let

o0 if HNL # 0,
PHL =\ (=1 fHNL =0,

where

v=(h1) | (h) e HxL,h>1l}.
Proposition 22.26 For any basis, (e1,...,e,), of E the following properties hold:
(1) fHNL =0, |[H|=h, and |L| =1, then
paprm = (—1)".
(2) For H L C{1,...,m}, we have

ey N\ er = PHLeHuL-

(3) For the left hook,

P ptaq q
o NEx \NE— \E",
we have
egae;, = 0 fHZL

* * .
egae;, = pr_mmer_y fHCL.

Similar formulae hold for L : A? E* x AP*"E — A?E. Using Proposition 22.26, we
have the

Proposition 22.27 For the left hook,

p p+q q
o NEx NE*— \E,

for every u € E, we have

ua (" ANy )= (=1 °uasz") ANy "+ 2" AN (usy”),

where y € \° E*.
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Proof. We can prove the above identity assuming that z* and y* are of the form e} and e’ us-
ing Proposition 22.26 but this is rather tedious. There is also a proof involving determinants,
see Warner [147], Chapter 2. (J

Thus, J is almost an anti-derivation, except that the sign, (—1)® is applied to the wrong
factor.

It is also possible to define a right interior product or right hook, L, using multiplication
on the left rather than multiplication on the right. Then, L defines a right action,

p+q p q
o NEx NE— N\ E",
such that

(", uAv) = (2" Lu,v), for allu € A’ E, v e N\"E, and 2* € \P*7 B*.

Similarly, we have the right action
pt+q p q
o NEx N\NE"— \E.
such that
(u* Av*, 2) = (¥, z L u"), for all u* € AP E*, v* € N*E*, and z € \PTE.
Since the left hook, L : AP E x AP*? E* — A? E*, is defined by
(usz*v)y=(z"vAu), forallue \"E, ve \"E and z* € N\"™ E*,

the right hook,

p+q p

L /\Ex/\E—>/q\E

(2" Lu,v) = (2", uAv), forallu € A\ E,ve N°E, and 2* € NPT E*,

by

and v A u = (—1)Pu A v, we conclude that
wazt = (=12 Lu,

where u € A\’ E and z € A\"™ E*.

Using the above property and Proposition 22.27 we get the following version of Proposi-
tion 22.27 for the right hook:
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Proposition 22.28 For the right hook,
ptaq P q
o NEx NE— N\ E",
for every u € E, we have
(@AY )Lu= (" cu) ANy + (=1)"2" A (y" L u),

where x* € N\" E*.

Thus, L is an anti-derivation.

For u € E, the right hook, z* L u, is also denoted, i(u)z*, and called insertion operator or
interior product. This operator plays an important role in differential geometry. If we view
z* e N7 (E*) as an alternating multilinear map in Alt"*1(E; K), then i(u)z* € Alt"(E; K)
is given by

(i(w)z") (v1, .. vp) = 2" (u, 01, ..., V).

@ Note that certain authors, such as Shafarevitch [138], denote our right hook z* u (which
is also the right hook in Bourbaki [21] and Fulton and Harris [57]) by u 1 2*.

Using the two versions of _, we can define linear maps v: A’ £ — A\"" E* and
§: NP E* — N""P E. Forany basis (e1,...,e,) of E,ifwelet M = {1,...,n}, e =e1A---Aey,
and e* =e] A--- Aej, then

v(u) =use* and 0(v) =v" Je,
for all w € A’ E and all v* € A" E*. The following proposition is easily shown.

Proposition 22.29 The linear maps v: N'E — NP E* and 6: \"E* — N"PE are
isomorphims. The isomorphisms v and & map decomposable vectors to decomposable vectors.
Furthermore, if z € A\ E is decomposable, then (v(z),z) = 0, and similarly for z € \' E*.
If (¢,...,¢€.) is any other basis of E and v': N'"E — N""PE* and 8': N°E* - \"""F
are the corresponding isomorphisms, then ¥ = Ay and &' = A7 for some nonzero \ € (0.

Proof. Using Proposition 22.26, for any subset J C {1,...,n} = M such that |J| = p, we
have

7(&]) =€y 4 e* = pM_(LJe?u,J and 5(6}) = ej‘] S = pPr_JIEM-_J-
Thus,
5 © /y(e‘]) - pM—J’JpJ’M_JeJ = (—1)p(n_p)e(]‘

A similar result holds for v o . This implies that

do Y= (—1)p(n—p)id and v o )= (_Dp(n—p)id‘
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Thus, v and § are isomorphisms. If z € A” E is decomposable, then z = uy A - -+ A u, where
ui,...,u, are linearly independent since z # 0, and we can pick a basis of E of the form
(u1,...,u,). Then, the above formulae show that

n:

Y(2) = Fup Ao A,

Clearly
(7(2),2) = 0.

If (€},...,€e)) is any other basis of E, because \" F has dimension 1, we have

N ANeE,=der A Ney,
for some nonnull A € €2, and the rest is trivial. [

We are now ready to tacke the problem of finding criteria for decomposability. We need
a few preliminary results.

Proposition 22.30 Given z € N\’ E, with z # 0, the smallest vector space W C E such
that z € NP W is generated by the vectors of the form

u* 2z, with u* € N\*~" E*.

Proof. First, let W be any subspace such that z € A”(E) and let (eq, ..., €., €r11,...,€,) be
a basis of E such that (ey,...,e,) is a basis of W. Then, u* = ), e}, where I C {1,...,n}
and || =p—1,and z =) ey, where J C {1,...,7} and |J| = p < r. It follows immediately
from the formula of Proposition 22.26 (3) that u* 4z € W.

Next, we prove that if W is the smallest subspace of E such that z € AP(W), then W
is generated by the vectors of the form u* J z, where u* € A" ~! E*. Suppose not, then the
vectors u* Jz with u* € AP ~! E* span a proper subspace, U, of W. We prove that for every
subspace, W', of W, with dim(W’) = dim(W) — 1 = r — 1, it is not possible that u* sz € W’
for all u* € A’ 1 E*. But then, as U is a proper subspace of W, it is contained in some
subspace, W’  with dim(W’) = r — 1 and we have a contradiction.

Let w € W — W’ and pick a basis of W formed by a basis (eq, ..., e,_1) of W’ and w. We
can write z = 2/ +w A 2, where 2/ € AW’ and 2” € \P"' W, and since W is the smallest
subspace containing z, we have 2" # 0. Consequently, if we write 2” = >, e; in terms of
the basis (eq,...,e._1) of W', there is some ey, with I C {1,...,r — 1} and |I| =p—1, so
that the coefficient A\; is nonzero. Now, using any basis of E containing (ey,...,e,_1,w), by
Proposition 22.26 (3), we see that

e; o (wAer) = w, A==+l
It follows that
e;az=c;a(Z+wA)=¢ 2 +ea(wNAZ)=¢f 12 + I,

with e} 4 2/ € W', which shows that e} 1z ¢ W’. Therefore, W is indeed generated by the
vectors of the form u* 1 z, where u* € AP~ E*. O
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Proposition 22.31 Any nonzero z € A\’ E is decomposable iff
(W 22)ANz=0, for allu* € N\P7' E*.

Proof. Clearly, z € A" E is decomposable iff the smallest vector space, W, such that z €
A’ W has dimension p. If dim(W) = p, we have z = e; A --- A e, where ey,..., e, form a
basis of W. By Proposition 22.30, for every u* € /\p_1 E*, we have u* 1z € W, so each u* Lz
is a linear combination of the e;’s and (u* J2) Az = (u* J2z) ANeg A--- Ae, =0.

Now, assume that (u* 1 z) Az = 0 for all u* € A\P"' E* and that dim(W) = n > p. If
e1,... e, is a basis of W, then we have z = ), Aje;, where I C {1,...,n} and |I| = p.
Recall that z # 0, and so, some A; is nonzero. By Proposition 22.30, each e; can be written
as u* 1 z for some u* € A\*~' E* and since (u* 2 z) Az =0 for all u* € AP E*, we get

ejNz=0 for j=1,...,n
By wedging z = >, A\je; with each e;, as n > p, we deduce \; = 0 for all [, so z = 0, a
contradiction. Therefore, n = p and z is decomposable. []

In Proposition 22.31, we can let u* range over a basis of A" ! E*, and then, the conditions
are
(ega2)ANz=0

for all H C {1,...,n}, with [H| = p— 1. Since (e%, 1 2z) A z € A"™" E, this is equivalent to
er((egaz)Nz)=0

for all H,J C{1,...,n}, with |H| =p—1and |J| = p+ 1. Then, for all I,I’ C{1,...,n}
with |I| = |I’| = p, we can show that

ey ((ejyuer)Nep) =0,
unless there is some i € {1,...,n} such that
I—H={i}, J-TI={i}.
In this case,
€ (€l s envg) A es—iiy) = peayapini—y-
If we let

€i,J, H = P{i},HP{i},J—{i}>

we have €, ;g = +1 if the parity of the number of j € J such that j < ¢ is the same as the
parity of the number of h € H such that h < 7, and € ;g = —1 otherwise.

Finally, we obtain the following criterion in terms of quadratic equations (Plicker’s equa-
tions) for the decomposability of an alternating tensor:
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Proposition 22.32 (Grassmann-Plicker’s Equations) For z =% ; A\re; € NP E, the condi-
tions for z # 0 to be decomposable are

Z Ei,J,H)\HU{i})\J—{z’} =0,
ieJ—H
for all H;J C{1,...,n} such that |H|=p—1 and |J| =p+ 1.
Using these criteria, it is a good exercise to prove that if dim(FE) = n, then every tensor
in \"'(E) is decomposable. This can also be shown directly.

It should be noted that the equations given by Proposition 22.32 are not independent.
For example, when dim(FE) = n = 4 and p = 2, these equations reduce to the single equation

A2A34 — A1z Aog + Agdaz = 0.

When the field, K, is the field of complex numbers, this is the homogeneous equation of a
quadric in CP® known as the Klein quadric. The points on this quadric are in one-to-one
correspondence with the lines in CP?.

22.18 Vector-Valued Alternating Forms

In this section, the vector space, F, is assumed to have finite dimension. We know that
there is a canonical isomorphism, A\"(E*) & Alt"(E; K), between alternating n-forms and
alternating multilinear maps. As in the case of general tensors, the isomorphisms,

n

Alt"(E; F) = Hom(\(E), F)
Hom(/\(E).F) = (\(E) &F
(AE) = A\E)

yield a canonical isomorphism

Alt"(E; F) = <;\(E*)) ® F.

Note that F' may have infinite dimension. This isomorphism allows us to view the tensors in
N"(E*) x F as vector valued alternating forms, a point of view that is useful in differential
geometry. If (f1,...,f,) is a basis of F, every tensor, w € A"(E*) x F can be written as
some linear combination .
w=> e f
i=1
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with a; € A"(E*). We also let

n

N(E;F) = D (/\(E*)) @F = (\E))&F

Given three vector spaces, F, G, H, if we have some bilinear map, ®: F ® G — H, then
we can define a multiplication operation,

re: \(E;F) x \(E;G) — \(E; H),

as follows: For every pair, (m,n), we define the multiplication,

Mo ((7\@)) ® F) x ((/\(E)) ® G) — (W(E*)) ©H,
by
(@® f)Ne (B®g)=(anp)® (] 9).
As in Section 22.15 (following H. Cartan [30]) we can also define a multiplication,
No: At (E; F) x Alt™(E; G) — At™"(E; H),
directly on alternating multilinear maps as follows: For f € Alt™(F; F) and g € Alt"(E; G),

(f AYS g)(ul, cee 7um+n) = Z sgn(a) (I)(f(ua(l)a cee 7ua'(m))7 g(uo(erl)a ce aua'(ern)))y

oeshuffle(m,n)

where shuffie(m, n) consists of all (m, n)-“shuffles”, that is, permutations, o, of {1,...m+n},
such that (1) < -+- < o(m) and o(m+1) < --- < o(m + n).

In general, not much can be said about Ag unless ® has some additional properties. In
particular, Ag is generally not associative. We also have the map,

TR </n\(E*)> ® F — AIt"(E; F),

defined on generators by
p((vy A Avy) @ a)(ug, ... up) = (det(v; (ug))a.
Proposition 22.33 The map

TR (;\(E*)) ® F — AIt"(E; F),

defined as above is a canonical isomorphism for every n > 0. Furthermore, given any three
vector spaces, F, G, H, and any bilinear map, ®: F x G — H, for allw € (N"(E*))® F and
alln € (N"(E") ® G,

plaAe B) = pl(a) Ao pu(B).
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Proof. Since we already know that (A" (E*))®F and Alt"(FE; F') are isomorphic, it is enough
to show that p maps some basis of (A"(E*)) ® F to linearly independent elements. Pick
some bases, (e1,...,€,) in E and (f;);es in F. Then, we know that the vectors, ej® f;, where
I C{1,...,p} and |I| = n form a basis of (A\"(E*)) ® F. If we have a linear dependence,

Z Arju(er ® fj) =0,
I’j

applying the above combination to each (e;,,...,e;) (I = {i1,... in}, i1 < -+ < ip), We
get the linear combination
D Al =0,
J

and by linear independence of the f;’s, we get A\;; = 0, for all / and all j. Therefore, the
p(e; @ f;) are linearly independent and we are done. The second part of the proposition is
easily checked (a simple computation).

A special case of interest is the case where F' = G = H is a Lie algebra and ®(a, b) = [a, b],
is the Lie bracket of F'. In this case, using a base, (f1,..., f;), of Fif we writew =) o, ® f;
and n =}, B; ® f;, we have

w,n] = Zai A B @ [fis -

Consequently,
[, w] = (1) w, 7).

The following proposition will be useful in dealing with vector-valued differential forms:

Proposition 22.34 If (ey,...,e,) is any basis of E, then every element, w € (\"(E*))®F,
can be written in a unique way as

wzze;(g)fb f]eFJ
I
where the e} are defined as in Section 22.12.
Proof. Since, by Proposition 22.19, the e} form a basis of \"(E*), elements of the form

et @ f span (A"(E*)) ® F. Now, if we apply p(w) to (e;,,...,€;,), where I = {iy,...,i,} C
{1,...,p}, we get

M(w)(eim cee 7€in) = M(e? ® f1)<€i17 .- "ein) = 1.

Therefore, the f; are uniquely determined by f. I

Proposition can also be formulated in terms of alternating multilinear maps, a fact that
will be useful to deal with differential forms.
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Define the product, -: Alt"(E;R) x ' — Alt"(E; F), as follows: For all w € Alt"(E;R)
and all f € F|
(we Hlug, ... up) =w(ug, ..., u,)f,

for all uy,...,u, € E. Then, it is immediately verified that for every w € (A"(E*)) ® F of
the form
w=u AN Auy ® f,

we have
pluy A Aup, @ f) = p(up Ao Auy) - f.

Then, Proposition 22.34 yields

Proposition 22.35 If (ey,...,e,) is any basis of E, then every element, w € Alt"(E; F),
can be written in a unique way as

wzzei‘f}? fIEFa
I

where the e} are defined as in Section 22.12.

22.19 Tensor Products of Modules over a
Commmutative Ring

If R is a commutative ring with identity (say 1), recall that a module over R (or R-module)
is an abelian group, M, with a scalar multiplication, -: R x M — M, and all the axioms of
a vector space are satisfied.

At first glance, a module does not seem any different from a vector space but the lack of
multiplicative inverses in R has drastic consequences, one being that unlike vector spaces,
modules are generally not free, that is, have no bases. Furthermore, a module may have
torsion elements, that is, elements, m € M, such that XA - m = 0, even though m # 0 and

A 0.

Nevertheless, it is possible to define tensor products of modules over a ring, just as in
Section 22.1 and the results of this section continue to hold. The results of Section 22.3
also continue to hold since they are based on the universal mapping property. However, the
results of Section 22.2 on bases generally fail, except for free modules. Similarly, the results
of Section 22.4 on duality generally fail. Tensor algebras can be defined for modules, as
in Section 22.5. Symmetric tensor and alternating tensors can be defined for modules but
again, results involving bases generally fail.

Tensor products of modules have some unexpected properties. For example, if p and ¢
are relatively prime integers, then

Z./pZ @7 Z)qZ = (0).



638 CHAPTER 22. TENSOR ALGEBRAS

It is possible to salvage certain properties of tensor products holding for vector spaces by
restricting the class of modules under consideration. For example, projective modules, have
a pretty good behavior w.r.t. tensor products.

A free R-module, F', is a module that has a basis (i.e., there is a family, (e;);cs, of
linearly independent vectors in F' that span F'). Projective modules have many equivalent
characterizations. Here is one that is best suited for our needs:

Definition 22.9 An R-module, P, is projective if it is a summand of a free module, that
is, if there is a free R-module, F', and some R-module, (), so that

F=P&Q.
Given any R-module, M, we let M* = Hompg(M, R) be its dual. We have the following
proposition:

Proposition 22.36 For any finitely-generated projective R-modules, P, and any R-module,
Q, we have the isomorphisms:

p* = p
Homp(P,Q) = P"@rQ.

I

Sketch of proof. We only consider the second isomorphism. Since P is projective, we have

some R-modules, P, F', with
Po P =F,

where F' is some free module. Now, we know that for any R-modules, U, V, W, we have
Homp(U & V, W) 2 Homp(U, W) [ [ Homa(V, W) 2 Homp(U, W) & Homp(V, W),

SO
P& P~ F*,  Homp(P,Q)® Homp(P,, Q) = Hompg(F, Q).

By tensoring with ) and using the fact that tensor distributes w.r.t. coproducts, we get
(PTorQ)® (P ®Q)= (P & P/)@rQ=F" ®rQ.
Now, the proof of Proposition 22.9 goes through because F' is free and finitely generated, so
ag: (P*®r Q)& (P ®Q) = F" ®r Q — Homg(F, Q) = Homp(P, Q) ® Homg (P, Q)

is an isomorphism and as a, maps P*®rQ to Hompg(P, Q), it yields an isomorphism between
these two spaces. [

The isomorphism ag: P* ®g Q = Hompg(P, Q) of Proposition 22.36 is still given by

ag(u* @ f)(x) =u(2)f, u'eP, fe@, xelP.
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It is convenient to introduce the evaluation map, Ev,: P* ®r Q — @, defined for every
r € P by
Ev,(u* ® f) = u*(2)f, u € P, feq.

In Section 11.2 we will need to consider a slightly weaker version of the universal mapping
property of tensor products. The situation is this: We have a commutative R-algebra, S,
where R is a field (or even a commutative ring), we have two R-modules, U and V, and
moreover, U is a right S-module and V is a left S-module. In Section 11.2, this corresponds
to R=R, S=C>®(B), U =A"¢) and V =T'(£), where £ is a vector bundle. Then, we can
form the tensor product, U ®z V', and we let U ®g V' be the quotient module, (U @z V') /W,
where W is the submodule of U ® V' generated by the elements of the form

US XrvV — U Xp SU.
As S is commutative, we can make U ®¢ V into an S-module by defining the action of S via
s(u®gv) =us g v.

It is immediately verified that this S-module is isomorphic to the tensor product of U and
V' as S-modules and the following universal mapping property holds:

Proposition 22.37 For every, R-bilinear map, f: U xV — Z, if f satisfies the property
f(us,v) = f(u,sv), forallue U, veV, seS,
then f induces a unique R-linear map, f: U®sV — Z, such that

~

fu,v) = f(u®gv), forallue U, veV.

Note that the linear map, f: U®sV — Z,is only R-linear, it is not S-linear in general.

22.20 The Pfaffian Polynomial

Let s0(2n) denote the vector space (actually, Lie algebra) of 2n x 2n real skew-symmetric
matrices. It is well-known that every matrix, A € so(2n), can be written as

A= PDPT,

where P is an orthogonal matrix and where D is a block diagonal matrix
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consisting of 2 x 2 blocks of the form

0 —a;
D, = ( ‘ ) .
For a proof, see see Horn and Johnson [79], Corollary 2.5.14, Gantmacher [61], Chapter IX,

or Gallier [58], Chapter 11.
Since det(D;) = a? and det(A) = det(PDP") = det(D) = det(D;) - - - det(D,,), we get

det(A) = (ay ---an)*.

The Pfaffian is a polynomial function, Pf(A), in skew-symmetric 2n X 2n matrices, A, (a
polynomial in (2n — 1)n variables) such that

Pf(A)? = det(A)
and for every arbitrary matrix, B,
Pf(BAB") = Pf(A) det(B).

The Pfaffian shows up in the definition of the Euler class of a vector bundle. There is a
simple way to define the Pfaffian using some exterior algebra. Let (eq, ..., es,) be any basis
of R?". For any matrix, A € s0(2n), let

W(A) = Z aij €; A\ 6]‘,
i<j
where A = (a;;). Then, \" w(A) is of the form Ce; Aea A-- - A ey, for some constant, C' € R.

Definition 22.10 For every skew symmetric matrix, A € so(2n), the Pfaffian polynomial
or Pfaffian is the degree n polynomial, Pf(A), defined by

n

/\W(A) = n'Pf(A) €1 N SYAREE VAN €on -

Clearly, Pf(A) is independent of the basis chosen. If A is the block diagonal matrix D,
a simple calculation shows that

w(D) = —(are1 A eg + ageg Aeg + -+ + anean1 A €2,)
and that
/\w(D) =(=1)"nlay---aner Neag A+ A ey,

and so
Pf(D) = (—=1)"a;y - - a,.

Since Pf(D)? = (a; - - - a,)?* = det(A), we seem to be on the right track.
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Proposition 22.38 For every skew symmetric matriz, A € s0(2n) and every arbitrary ma-
triz, B, we have:

(i) PE(A)? = det(A)
(ii) PE(BABT) = Pf(A) det(B).

Proof . If we assume that (ii) is proved then, since we can write A = PDPT for some
orthogonal matrix, P, and some block diagonal matrix, D, as above, as det(P) = +1 and
Pf(D)? = det(A), we get

Pf(A)? = Pf(PDP")? = Pf(D)? det(P)* = det(A),

which is (i). Therefore, it remains to prove (ii).

Let f; = Be;, fori =1,...,2n, where (e, ..., €a,) is any basis of R*". Since f; = Y, brier,

we have
T = Z CLZ']‘ fz A fj == Z Z bkiaijblj €k N € = Z(BABT)M €L A €r,
i ikl k,l
and so, as BABT is skew symmetric and e, A e; = —e; A ey, we get
7 =2w(BAB").
Consequently,
/\7=2" \w(BAB") = 2"nIPf(BAB")e1 Aes A+ -+ A €3,
Now,

/\T:Ofl/\f2/\"'/\f2m

for some C' € R. If B is singular, then the f; are linearly dependent which implies that
fiNfaN--- A fo, =0, in which case,

Pf(BAB'") =0,
as e; Aeg A -+ Aeg, # 0. Therefore, if B is singular, det(B) = 0 and
Pf(BAB") = 0 = Pf(A) det(B).

If Bis invertible, as 7T = Zi,j Qij fz VAN fj =2 Zi<j Qg5 fz N fja we have

/n\T_ I PE(A) fL A fa A A fon.

However, as f; = Be;, we have

f1/\fg/\"'/\fgn:det<B)€1/\€2/\"'/\€2n,
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SO

/n\T =2"n! Pf(A)det(B)es Aea A-+- Aeay,
and as .

/\7’ = 2" Pf(BAB ) ey Aeg A -+ A eap,
we get

Pf(BAB") = Pf(A) det(B),

as claimed. O

Remark: It can be shown that the polynomial, Pf(A), is the unique polynomial with integer
coefficients such that Pf(A)? = det(A) and Pf(diag(S,...,S)) = +1, where

0 1
= (4o)

see Milnor and Stasheff [110] (Appendix C, Lemma 9). There is also an explicit formula for
Pf(A), namely:

1 n
Pf(A) = S Z sgn(o) Haa(2i—1)a(2i)'
: i=1

0'66277,

@ Beware, some authors use a different sign convention and require the Pfaffian to have
the value +1 on the matrix diag(S5’,...,5"), where

0 -1
s=(1 %)
For example, if R?" is equipped with an inner product, (—,—), then some authors define
w(A) as
w(A) = Z(Aez-, e;) e Nej,
1<j

where A = (a;;). But then, (Ae;, e;) = aj; and not a;;, and this Pfaffian takes the value +1
on the matrix diag(S’,...,S’). This version of the Pfaffian differs from our version by the

factor (—1)". In this respect, Madsen and Tornehave [100] seem to have an incorrect sign in
Proposition B6 of Appendix C.

We will also need another property of Pfaffians. Recall that the ring, M, (C), of n x n
matrices over C is embedded in the ring, My, (R), of 2n x 2n matrices with real coefficients,
using the injective homomorphism that maps every entry z = a +ib € C to the 2 x 2 matrix

a —b
b a )’
If A e M,(C), let Ag € My,(R) denote the real matrix obtained by the above process.

Observe that every skew Hermitian matrix, A € u(n), (i.e., with A* = A= —A) yields a
matrix Ag € s0(2n).
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Proposition 22.39 For every skew Hermitian matriz, A € u(n), we have
Pf(Agr) =" det(A).

Proof. 1t is well-known that a skew Hermitian matrix can be diagonalized with respect to a
unitary matrix, U, and that the eigenvalues are pure imaginary or zero, so we can write

A =Udiag(iay, ..., ia,)U",
for some reals, a; € R. Consequently, we get
Ag = Up diag(Dy, ..., D,)Ug ,

where

and
Pf(Agr) = Pf(diag(Dy, ..., D,)) = (=1)" a1 - - ay,

as we saw before. On the other hand,
det(A) = det(diag(iay, .. .,ia,)) =i"ay - ap,

and as (—1)" = ™", we get
PE(Ag) = i" det(A),

as claimed. O

@ Madsen and Tornehave [100] state Proposition 22.39 using the factor (—:¢)", which is
wrong.
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