Chapter 13

Curvature in Riemannian Manifolds

13.1 The Curvature Tensor

If (M, (—,—)) is a Riemannian manifold and V is a connection on M (that is, a connection
on T'M), we saw in Section 11.2 (Proposition 11.8) that the curvature induced by V is given
by

R(X> Y) =VxoVy —-VyoVyx— V[X,Y],

for all X,Y € X(M), with R(X,Y) € TI'(Hom(TM,TM)) = Homee ) (I'(TM),T(TM)).
Since sections of the tangent bundle are vector fields (I'(T'M) = X(M)), R defines a map

R: X(M) x X(M) x X(M) — X(M),

and, as we observed just after stating Proposition 11.8, R(X,Y")Z is C*°(M)-linear in XY, Z
and skew-symmetric in X and Y. Tt follows that R defines a (1, 3)-tensor, also denoted R,
with

R,: T,M x T,M x TyM —> T,M.

Experience shows that it is useful to consider the (0, 4)-tensor, also denoted R, given by
Rp(xa Y, =, w) = <Rp($7 y>za w>P

as well as the expression R(z,y,y,x), which, for an orthonormal pair, of vectors (z,vy), is
known as the sectional curvature, K(z,y).

This last expression brings up a dilemma regarding the choice for the sign of R. With
our present choice, the sectional curvature, K (x,y), is given by K(x,y) = R(x,y,y,x) but
many authors define K as K(x,y) = R(x,y,x,y). Since R(z,y) is skew-symmetric in x,y,
the latter choice corresponds to using —R(z,y) instead of R(x,y), that is, to define R(X,Y)
by

R(X, Y) = V[Xy] +VyoVyxy —-VyxoVy.

As pointed out by Milnor [106] (Chapter II, Section 9), the latter choice for the sign of R has
the advantage that, in coordinates, the quantity, (R(0/0xy,d/0x;)0/0x;,0/0xy) coincides
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400 CHAPTER 13. CURVATURE IN RIEMANNIAN MANIFOLDS

with the classical Ricci notation, R . Gallot, Hulin and Lafontaine [60] (Chapter 3, Section
A.1) give other reasons supporting this choice of sign. Clearly, the choice for the sign of R
is mostly a matter of taste and we apologize to those readers who prefer the first choice but
we will adopt the second choice advocated by Milnor and others. Therefore, we make the
following formal definition:

Definition 13.1 Let (M, (—, —)) be a Riemannian manifold equipped with the Levi-Civita
connection. The curvature tensor is the (1, 3)-tensor, R, defined by

Ry(z,y)2 = Vixy)Z + VyVxZ - VxVyZ,

for every p € M and for any vector fields, X,Y,Z € X(M), such that + = X(p), y = Y(p)
and z = Z(p). The (0,4)-tensor associated with R, also denoted R, is given by

Rp(xﬁ Y, 2, w) = <(Rp(x> y)zv w>7

forall pe M and all z,y,z,w € T,M.

Locally in a chart, we write

and o 0 J 0 Z
Bz <R <8wh’ ﬁxi) ox;’ 8xk> ] el

The coefficients, Ré- hi» can be expressed in terms of the Christoffel symbols, Ffj, in terms of a
rather unfriendly formula (see Gallot, Hulin and Lafontaine [60] (Chapter 3, Section 3.A.3)
or O’Neill [119] (Chapter III, Lemma 38). Since we have adopted O’Neill’s conventions for

the order of the subscripts in R%,;, here is the formula from O’Neill:

Ry =0T}, — 0Tl + > T, I = > T, T

There is another way of defining the curvature tensor which is useful for comparing
second covariant derivatives of one-forms. Recall that for any fixed vector field, Z, the map,
Y — VyZ, is a (1,1) tensor that we will denote V_Z. Thus, using Proposition 11.5, the
covariant derivative VxV _Z of V_Z makes sense and is given by

(Vx(V_2))(Y) = Vx(VyZ) = (Vuyv)Z.
Usually, (Vx(V_-Z2))(Y) is denoted by V%, Z and

ViyZ =Vx(VyZ) = Vo
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is called the second covariant derivative of Z with respect to X and Y. Then, we have

VixZ—ViyZ = Vy(VxZ)=Vy,xZ-Vx(VyZ)+Vy,wZ
= Vy(VxZ) = Vx(VyZ) + Ve v-v,xZ
= VY(V)(Z) —VX(VyZ)—f—V[X,y}Z
= R(X,Y)Z,

since VxY — Vy X = [X,Y], as the Levi-Civita connection is torsion-free. Therefore, the
curvature tensor can also be defined by

R(X.Y)Z =V3.xZ - Vi yZ.

We already know that the curvature tensor has some symmetry properties, for example,
R(y,z)z = —R(z,y)z but when it is induced by the Levi-Civita connection, it has more
remarkable properties stated in the next proposition.

Proposition 13.1 For a Riemannian manifold, (M, {—,—)), equipped with the Levi-Civita
connection, the curvature tensor satisfies the following properties:

(1) R(z,y)z = —R(y, z)z

(2) (First Bianchi Identity) R(xz,y)z + R(y, z)x + R(z,z)y =0
(3) R(x,y,z,w) = —R(x,y,w, z)

(4) R(z,y,z,w) = R(z,w, z,y).

The proof of Proposition 13.1 uses the fact that R,(z,y)z = R(X,Y)Z, for any vector
fields XY, Z such that = = X(p), y = Y(p) and Z = Z(p). In particular, XY, Z can be
chosen so that their pairwise Lie brackets are zero (choose a coordinate system and give
X,Y,Z constant components). Part (1) is already known. Part (2) follows from the fact
that the Levi-Civita connection is torsion-free. Parts (3) and (4) are a little more tricky.
Complete proofs can be found in Milnor [106] (Chapter II, Section 9), O’Neill [119] (Chapter
IIT) and Kuhnel [91] (Chapter 6, Lemma 6.3).

If w e A'(M) is a one-form, then the covariant derivative of w defines a (0, 2)-tensor, T,
given by T(Y, Z) = (Vyw)(Z). Thus, we can define the second covariant derivative, VX yw,
of w as the covariant derivative of T' (see Proposition 11.5), that is,

(VxT)(Y,2) = X(T'(Y,Z)) = T(VxY,Z) = T(Y,VxZ),
and so

(Viyw)(Z) = X((Vyw)(Z)) = (Vvyw)(Z) = (Vyw)(VxZ)
= X((Vyw)(2)) = (Vyw)(VxZ) = (Vuyyw)(2)
(Vx(Vyw))(Z) = (Vyyyw)(2).
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Therefore,
V*%(,Yw = Vx(va) — vayw,

that is, Vg(,yw is formally the same as V%QYZ . Then, it is natural to ask what is
vg(’yw - v%’XW

The answer is given by the following proposition which plays a crucial role in the proof of a
version of Bochner’s formula:

Proposition 13.2 For any vector fields, X,Y,Z € X(M), and any one-form, w € AY(M),
on a Riemannian manifold, M, we have

(Viy — Vix)w)(Z) = w(R(X,Y)Z).
Proof. Recall that we proved in Section 11.5 that
(VXw)ﬁ = Vwﬁ.

We claim that we also have
(VX yw)f = V%@Ywﬁ'

This is because

(Viyw) = (Vx(Vyw)) — (Vy,yw)
== VX(Vyw)ﬁ — vaywﬁ
Vx(VYwﬁ) — vaywﬁ

== VX YCU
Thus, we deduce that
((V?X,Y - V%/,X)W)jj = (V,QX,Y - V%/,X)Wjj = R(Y, X)Wﬁ'
Consequently,

((Vi,y—VQY,X)w)(Z) = <((VXY V%,jX)w)ﬁ,Z>
(Y, X)w#, Z)
(Y, X,w*, 2)
(X,Y, Z,u)
= (R(X,Y)Z,w"
= w(R(X,Y)Z),

(R
= R
R

where we used properties (3) and (4) of Proposition 13.1. O

The next proposition will be needed in the proof of the second variation formula. If
a: U — M is a parametrized surface, where U is some open subset of R?, we say that a
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vector field, V' € X(M), is a wvector field along o iff V(x,y) € Ty, M, for all (z,y) € U.
For any smooth vector field, V', along «, we also define the covariant derivatives, DV /0z
and DV/0y as follows: For each fixed yp, if we restrict V' to the curve

T = Oé(ZE, yO)

we obtain a vector field, V,,), along this curve and we set

DX B DV,,
E(%yo)— dr

Then, we let yo vary so that (x,y9) € U and this yields DV/dz. We define DV/0y is a
similar manner, using a fixed xg.

Proposition 13.3 For a Riemannian manifold, (M, {—, —)), equipped with the Levi-Civita
connection, for every parametrized surface, a: R* — M, for every vector field, V € X(M)
along o, we have

D D D D Oda Oa
oV oy =R ()

Proof. Express both sides in local coordinates in a chart and make use of the identity

Vavai—VaVai=R<a 8)8 O

9z,  ox; Oxp, aa;  ox; Oxp, Ox;" Ox; ) Oxy,

Remark: Since the Levi-Civita connection is torsion-free, it is easy to check that

D Oa D Oa

o dy ~ Oy Ox’
We used this identity in the proof of Theorem 12.18.

The curvature tensor is a rather complicated object. Thus, it is quite natural to seek
simpler notions of curvature. The sectional curvature is indeed a simpler object and it turns
out that the curvature tensor can be recovered from it.

13.2 Sectional Curvature

Basically, the sectional curvature is the curvature of two-dimensional sections of our manifold.
Given any two vectors, u,v € T,M, recall by Cauchy-Schwarz that

(u,v), < (U, u)y(v, v)p,

with equality iff v and v are linearly dependent. Consequently, if v and v are linearly
independent, we have

<u7 u>p<v> v>p - <u7 ’U>127 7é 0.
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In this case, we claim that the ratio

R,(u,v,u,v)
<’LL, u>p<'U? U>p - <’LL, U>§

is independent of the plane, II, spanned by u and v. If (x,y) is another basis of II, then

K(u,v) =

T = au-+b
= cu+dv.

We get

(@, 2)p(y, y)p — (2, y); = (ad = be)* ({u, w) (v, v)p — (u, v)})
and similarly,

Rp<x7 yv .’L’, y) = <Rp<x7 y)l‘, y)p = (CLd - bc)sz(uv v, U, U)y

which proves our assertion.

Definition 13.2 Let (M, (—,—)) be any Riemannian manifold equipped with the Levi-
Civita connection. For every p € T, M, for every 2-plane, II C T, M, the sectional curvature,
K(IT), of I1, is given by

. T — Rp(l',y,l',y)
) = ) = ey — e

for any basis, (x,y), of II.

Observe that if (x,y) is an orthonormal basis, then the denominator is equal to 1. The
expression R,(z,y,x,y) is often denoted x,(x,y). Remarkably, x, determines R,. We denote
the function p — x, by x. We state the following proposition without proof:

Proposition 13.4 Let (M,(—,—)) be any Riemannian manifold equipped with the Levi-
Civita connection. The function k determines the curvature tensor, R. Thus, the knowledge
of all the sectional curvatures determines the curvature tensor. Moreover, we have

6(R(z,y)z,w) = k(z+wy+2z)—k(x,y+z)—rwy+2)
—kly+w, x4+ 2)+ Ky, v+ 2) + k(w, x + 2)
— Kz +w,y) + k(, y)+ﬁ(w y)
— Kz +w,2) + Kz, 2) +
Ky +w,x) = k(y,x) -
( ) = k(

Ky +w,z) —k(y,z) — (w,z).
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For a proof of this formidable equation, see Kuhnel [91] (Chapter 6, Theorem 6.5). A
different proof of the above proposition (without an explicit formula) is also given in O’Neill
[119] (Chapter III, Corollary 42).

Let
Ry(z,y)z = (z,2)y — (y, 2).
Observe that
(Ri(z,y)z,y) = (z,2)(y,y) — (@,y)".
As a corollary of Proposition 13.4, we get:
Proposition 13.5 Let (M,{(—,—)) be any Riemannian manifold equipped with the Levi-

Civita connection. If the sectional curvature, K(II) does not depend on the plane, 11, but
only on p € M, in the sense that K is a scalar function, K: M — R, then

R == KRl
Proof. By hypothesis,

rp(,y) = K () (2, 2) (Y, y)p — (2, 9)}),
for all x,y. As the right-hand side of the formula in Proposition 13.4 consists of a sum of
terms, we see that the right-hand side is equal to K times a similar sum with s replaced by
(Ri(z, )z, y) = (z,2)(y, y) — (z,9)%,

so it is clear that R = K Ry. O

In particular, in dimension n = 2, the assumption of Proposition 13.5 holds and K is the
well-known Gaussian curvature for surfaces.

Definition 13.3 A Riemannian manifold, (M, (—,—)) is said to have constant (resp. neg-
ative, resp. positive) curvature iff its sectional curvature is constant (resp. negative, resp.
positive).

In dimension n > 3, we have the following somewhat surprising theorem due to F. Schur:

Proposition 13.6 (F. Schur, 1886) Let (M, {(—,—)) be a connected Riemannian manifold.
If dim(M) > 3 and if the sectional curvature, K (II), does not depend on the plane, I1 C T, M,
but only on the point, p € M, then K is constant (i.e., does not depend on p).

The proof, which is quite beautiful, can be found in Kuhnel [91] (Chapter 6, Theorem
6.7).
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If we replace the metric, g = (—, —) by the metric g = A(—, —) where A > 0 is a constant,
some simple calculations show that the Christoffel symbols and the Levi-Civita connection
are unchanged, as well as the curvature tensor, but the sectional curvature is changed, with

K =\'K.

As a consequence, if M is a Riemannian manifold of constant curvature, by rescaling the
metric, we may assume that either K = —1, or K = 0, or K = +1. Here are standard
examples of spaces with constant curvature.

(1)

The sphere, S* C R™! with the metric induced by R, where
S"={(z1,...,Tnt1) € R +1 | :13% + ... +$i+1 = 1}.

The sphere, S™, has constant sectional curvature, K = +1. This can be shown by using
the fact that the stabilizer of the action of SO(n + 1) on S™ is isomorphic to SO(n).
Then, it is easy to see that the action of SO(n) on 7,,S™ is transitive on 2-planes and
from this, it follows that K = 1 (for details, see Gallot, Hulin and Lafontaine [60]
(Chapter 3, Proposition 3.14).

Euclidean space, R"™!, with its natural Euclidean metric. Of course, K = 0.

The hyperbolic space, H (1), from Definition 2.10. Recall that this space is defined in
terms of the Lorentz innner product, (—, —)1, on R"" given by
n+1
(1, @), (Yoo Y1 = —Tag1 + szyz
i=2

By definition, H,;F (1), written simply H", is given by

H"={x = (21,...,0041) € R"™ | (z,2); = —1, 21 > 0}.

Given any points, p = (z1,...,2,41) € H", it is easy to see that the set of tangent
vectors, u € T,H", are given by the equation
<p7 U>1 = 07

that is, T,H" is orthogonal to p with respect to the Lorentz inner-product. Since
p € H", we have (p,p); = —1, that is, u is lightlike, so by Proposition 2.10, all vectors
in T,,H" are spacelike, that is,

(u,u); >0, for alluw € T,H", u # 0.

Therefore, the restriction of (—, —); to H" is positive, definite, which means that it is
a metric on T,H". The space H" equipped with this metric, gy, is called hyperbolic
space and it has constant curvature, K = —1. This can be shown by using the fact that
the stabilizer of the action of SOg(n, 1) on H™ is isomorphic to SO(n) (see Proposition
2.11). Then, it is easy to see that the action of SO(n) on T, H" is transitive on 2-planes
and from this, it follows that K = —1 (for details, see Gallot, Hulin and Lafontaine
[60] (Chapter 3, Proposition 3.14).
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There are other isometric models of H™ that are perhaps intuitively easier to grasp but
for which the metric is more complicated. For example, there is a map, PD: B — H",
where B" = {x € R" | ||z|| < 1} is the open unit ball in R", given by

L+ |zl 2z
D(z) = , :
(1 —llal*” 1~ fllf®

It is easy to check that (PD(z),PD(x)); = —1 and that PD is bijective and an isometry.
One also checks that the pull-back metric, gpp = PD*gy, on B, is given by

4
(1 — l[*)?

The metric, gpp is called the conformal disc metric and the Riemannian manifold, (B", gpp)
is called the Poincaré disc model or conformal disc model. The metric gpp is proportional
to the Euclidean metric and thus, angles are preserved under the map PD. Another model
is the Poincaré half-plane model, {x € R™ | z; > 0}, with the metric

1
gpu = P(dx%—i—-“—l—dxi).
1

We already encountered this space for n = 2.

The metrics for S, R""! and H™ have a nice expression in polar coordinates but we
prefer to discuss the Ricci curvature next.

13.3 Ricci Curvature

The Ricci tensor is another important notion of curvature. It is mathematically simpler than
the sectional curvature (since it is symmetric) but it plays an important role in the theory
of gravitation as it occurs in the Einstein field equations. The Ricci tensor is an example
of contraction, in this case, the trace of a linear map. Recall that if f: £ — FE is a linear
map from a finite-dimensional Euclidean vector space to itself, given any orthonormal basis,

(e1,...,€,), we have
n

tr(f) = Z(f(ei)a €i).

=1

Definition 13.4 Let (M, (—, —)) be a Riemannian manifold (equipped with the Levi-Civita
connection). The Ricci curvature, Ric, of M is the (0, 2)-tensor defined as follows: For every
p € M, forall z,y € T,M, set Ric,(x, y) to be the trace of the endomorphism, v — R,(x,v)y.
With respect to any orthonormal basis, (e, ..., e,), of T,,M, we have

n

Ricp(x, y) = Z(Rp(xv ej)y’ ej>P = Z Rp(xa €Y, 6]')'
j=1

j=1
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The scalar curvature, S, of M, is the trace of the Ricci curvature, that is, for every p € M,
S(p) = ZR(%% €i, €;) = ZK(euej),
i#j i#j

where K (e;, e;) denotes the sectional curvature of the plane spanned by e;, e;.

In view of Proposition 13.1 (4), the Ricci curvature is symmetric. The tensor Ric is
a (0,2)-tensor but it can be interpreted as a (1,1)-tensor as follows: We let Ric/ be the
1,1)-tensor given by
(Ricfu, v), = Ric(u, v),

for all w,v € T,M. Then, it is easy to see that
S(p) = tr(Ric}).

This is why we said (by abuse of language) that S is the trace of Ric. Observe that if
(é1,...,e,) is any orthonormal basis of T,,M, as

RiCp(u,'U) - ZRp(ua ej7v7ej)
j=1

n

= ZRp(ej,u,ej,v)
j=1
n

= Z<Rp(€j7 U)ej7 U)Pﬂ

j=1
we have

Ricf(u) = Z R,(ej,u)e;.
j=1

Observe that in dimension n = 2, we get S(p) = 2K (p). Therefore, in dimension 2, the
scalar curvature determines the curvature tensor. In dimension n = 3, it turns out that the
Ricci tensor completely determines the curvature tensor, although this is not obvious. We
will come back to this point later.

Since Ric(z,y) is symmetric, Ric(z, x) determines Ric(x,y) completely (Use the polar-
ization identity for a symmetric bilinear form, ¢:

20(z,y) = ¢z +y) — o) — oy).)
Observe that for any orthonormal frame, (es,...,e,), of T,M, using the definition of the
sectional curvature, K, we have

n

Ric(eq,eq) = Z((R(el, ei)er, ;) = ZK(el, e;).

=1
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Thus, Ric(ey,e1) is the sum of the sectional curvatures of any n — 1 orthogonal planes
orthogonal to e; (a unit vector).

For a Riemannian manifold with constant sectional curvature, we see that
Ric(z,z) = (n — 1)Kg(x, x), S=n(n-1)K,

where g = (—, —) is the metric on M. Indeed, if K is constant, then we know that R = KRy
and so,

Ric(z,z) = Kzg(Rl<x>€i)x7€i)

i=1

= KZ(Q(GuGi)Q(%x) — g(ei, 2)?)

= K(ng(z,z) — Zg(ei, z)?)

= (n—1)Kg(x,x).
Spaces for which the Ricci tensor is proportional to the metric are called Einstein spaces.

Definition 13.5 A Riemannian manifold, (M, g), is called an FEinstein space iff the Ricci
curvature is proportional to the metric, g, that is:

Ric(z,y) = Ag(z,y),

for some function, A: M — R.

If M is an Einstein space, observe that S = nA.

Remark: For any Riemanian manifold, (M, g), the quantity

) S
G—RIC—§g

is called the Finstein tensor (or Finstein gravitation tensor for space-times spaces). The
Einstein tensor plays an important role in the theory of general relativity. For more on this
topic, see Kuhnel [91] (Chapters 6 and 8) O’Neill [119] (Chapter 12).
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13.4 Isometries and Local Isometries

Recall that a local isometry between two Riemannian manifolds, M and N, is a smooth map,
@: M — N, so that

((dp)p(u), (dipp) (V) pm) = (U, v)p,
for all p € M and all u,v € T,M. An isometry is a local isometry and a diffeomorphism.

By the inverse function theorem, if p: M — N is a local isometry, then for every p € M,
there is some open subset, U C M, with p € U, so that ¢ [ U is an isometry between U and

o).
Also recall that if ¢: M — N is a diffeomorphism, then for any vector field, X, on M,
the vector field, ¢, X, on N (called the push-forward of X) is given by

(SO*X)q = d90¢*1(q)X(90_1(Q)>7 for all ¢ € N,

or equivalently, by
(e X)p(p) = dppX (D), for all p € M.

For any smooth function, h: N — R, for any ¢ € N, we have

= dhy(dpg-19)X (97 (2)))
_ 1

= d(ho)e-1X(¥~ (q))
= X(h o 90)9071((1)7
that is
X*(h)q = X(h © Sp)w‘l(q)a
or

X*(h><p(p) = X(h © So)p'

It is natural to expect that isometries preserve all “natural” Riemannian concepts and
this is indeed the case. We begin with the Levi-Civita connection.

Proposition 13.7 If p: M — N 1is an isometry, then

0(VxY) =V, x(¢.Y), for all X, Y € X(M),
where VxY s the Levi-Civita connection induced by the metric on M and similarly on N.
Proof. We use the Koszul formula (Proposition 11.18),

2VxY, Z) = X((Y,2))+Y((X,2Z)) - Z((X,Y))
- <Yv [X’ Z]> - <X7 [Ya Z]> - <Z7 [Y>X]>'
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We have
(@*(VXY))@(M = d@p(vXY%ﬂv

and as ¢ is an isometry,

<d90p(vXY)p’ dSOpr>s0(p) = <(VXY)p’ Zp>p7

so, Koszul yields

2<90*(VXY)790*Z>90(1?) = X((Y, Z>p) + Y ((X, Z>p) - Z((X, Y>p)
- <Y7 [Xv Z]>p - <X7 [Ya Z]>p - <Zv [Ya X]>p'

Next, we need to compute
(Vox (0:Y), 0 Z) ()

When we plug ¢.X, ¢.Y and ¢,Z into the Koszul formula, as ¢ is an isometry, for the
fourth term on the right-hand side, we get

(.Y, [puX, SD*Z]>e0(p) = (dp,Yy, [dpp Xy, d@prDw(p)
= <Y;J7 [Xpa Zp]>17

and similarly for the fifth and sixth term on the right-hand side. For the first term on the
right-hand side, we get

(P X)((0xY, 0 Z))p(py =

I
~—~ —~
©
*
slsks
—~~ —~
o~~~
<5
N
~
N
s
S
-

S
S

= X\,
= X(

and similarly for the second and third term. Consequently, we get

2<V¢*X(90*Y)a @*Z><p(p) = X((V, Z>p) + Y ((X, Z)p) - Z((X, Y)p)
— (Y, [X, Z]), — (X, [V, Z])p, — (2. ]V, X]),.

By comparing right-hand sides, we get

2(90*(VXY)a SO*Z>50(17) = 2<V¢*X<90*Y)> @*Z>@(p)

for all X,Y,Z, and as ¢ is a diffeomorphism, this implies
0. (VxY) = V@*X(@*Y)a

as claimed.
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As a corollary of Proposition 13.7, the curvature induced by the connection is preserved,
that is
0 R(X,Y)Z = R(p. X, 0.Y )i Z,

as well as the parallel transport, the covariant derivative of a vector field along a curve, the
exponential map, sectional curvature, Ricci curvature and geodesics. Actually, all concepts
that are local in nature are preserved by local diffeomorphisms! So, except for the Levi-
Civita connection and if we consider the Riemann tensor on vectors, all the above concepts
are preserved under local diffeomorphisms. For the record, we state:

Proposition 13.8 If o: M — N 1is a local isometry, then the following concepts are pre-
served:

(1) The covariant derivative of vector fields along a curve, vy, that is

DX Dg.X
Ao —gr = —agr

for any vector field, X, along v, with (p.X)(t) = de,w)Y (1), for all t.

(2) Parallel translation along a curve. If P, denotes parallel transport along the curve
and if P,o, denotes parallel transport along the curve ¢ o vy, then

A1) © Py = Ppoy © dipy(0).-

(3) Geodesics. If v is a geodesic in M, then ¢ o~ is a geodesic in N. Thus, if v, is the
unique geodesic with v(0) = p and ~,(0) = v, then

¥ O Yo = Vdppvs

wherever both sides are defined. Note that the domain of Yap,., may be strictly larger
than the domain of ~,. For example, consider the inclusion of an open disc into R2.

(4) Exponential maps. We have
p 0 exp, = eXPyy) 0dipy,
wherever both sides are defined.

(5) Riemannian curvature tensor. We have

depR(z,y)z = R(dpyx, dpyy)de,z, for all x,y,z € T,M.

(6) Sectional, Ricci and Scalar curvature. We have

K(dppz, depy) = K(z,y),,
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for all linearly independent vectors, x,y € T,M ;
Ric(dy,x, dpyy) = Ric(z,y),
forall z,y € T,M;
SM = SN o Q.

where Sy is the scalar curvature on M and Sy is the scalar curvature on N.

A useful property of local diffeomorphisms is stated below. For a proof, see O’Neill [119]
(Chapter 3, Proposition 62):

Proposition 13.9 Let p,vv: M — N be two local isometries. If M 1is connected and if
©(p) = ¥(p) and dy, = dip, for some p € M, then ¢ = 1.

The idea is to prove that
{pe M|dp,=dp,}

is both open and closed and for this, to use the preservation of the exponential under local
diffeomorphisms.

13.5 Riemannian Covering Maps

The notion of covering map discussed in Section 3.9 can be extended to Riemannian mani-
folds.

Definition 13.6 If M and N are two Riemannian manifold, then a map, 7: M — N, is a
Riemannian covering iff the following conditions hold:

(1) The map 7 is a smooth covering map.

(2) The map 7 is a local isometry.

Recall from Section 3.9 that a covering map is a local diffeomorphism. A way to obtain
a metric on a manifold, M, is to pull-back the metric, g, on a manifold, N, along a local
diffeomorphism, ¢: M — N (see Section 7.4). If ¢ is a covering map, then it becomes a
Riemannian covering map.

Proposition 13.10 Letw: M — N be a smooth covering map. For any Riemannian metric,
g, on N, there is a unique metric, m*q, on M, so that w is a Riemannian covering.
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Proof. We define the pull-back metric, m*g, on M induced by ¢ as follows: For all p € M,
for all u,v € T,M,

(7" 9)p(u,v) = gldmy(u), dmy(v)).
We need to check that (7*g), is an inner product, which is very easy since dm, is a linear
isomorphism. Our map, 7, between the two Riemannian manifolds (M, 7*g) and (N, g)

becomes a local isometry. Now, every metric on M making 7 a local isometry has to satisfy
the equation defining, 7*¢g, so this metric is unique. [

As a corollary of Proposition 13.10 and Theorem 3.35, every connected Riemmanian
manifold, M, has a simply connected covering map, 7: M — M, where 7 is a Riemannian
covering. Furthermore, if 7: M — N is a Riemannian covering and ¢: P — N is a local
isometry, it is easy to see that its lift, o: P — M, is also a local isometry. In particular, the
deck-transformations of a Riemannian covering are isometries.

In general, a local isometry is not a Riemannian covering. However, this is the case when
the source space is complete.

Proposition 13.11 Let 7: M — N be a local isometry with N connected. If M is a com-
plete manifold, then m is a Riemannian covering map.

Proof. We follow the proof in Sakai [130] (Chapter III, Theorem 5.4). Because 7 is a local
isometry, geodesics in M can be projected onto geodesics in N and geodesics in /N can be
lifted back to M. The proof makes heavy use of these facts.

First, we prove that N is complete. Pick any p € M and let ¢ = 7(p). For any geodesic,
Yu, of N with initial point, ¢ € IV, and initial direction the unit vector, u € T, N, consider
the geodesic, 7,, of M, with initial point p and with u = dﬂ;l(v) € T,M. As 7 is a local
isometry, it preserves geodesic, so

Yo =TO :Yiua
and since 7, is defined on R because M is complete, so if v,. As exp, is defined on the whole
of T, N, by Hopf-Rinow, N is complete.

Next, we prove that 7 is surjective. As N is complete, for any ¢; € N, there is a minimal
geodesic, v: [0,b] — N, joining ¢ to ¢; and for the geodesic, 7, in M, emanating from p and
with initial direction dr,*(7/(0)), we have 7(3(b)) = (b) = q1, establishing surjectivity.

For any ¢ € N, pick r > 0 wih r < i(q), where i(q) denotes the injectivity radius of N at
q and consider the open metric ball, B,(q) = exp,(B(04,7)) (where B(0,,7) is the open ball
of radius r in T,N). Let

7 q) = {pitier € M,
We claim that the following properties hold:

(1) Each map, 7 | B,(p;): B.(p;) — B.(q), is a diffeomorphism, in fact, an isometry.

(2) 771(Br() = Uses Br(p2)-
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(3) By(ps) (1 By(p;) = 0 whenever i # j.
It follows from (1), (2) and (3) that B,(q) is evenly covered by the family of open sets,
{B,(p;)}icr, so 7 is a covering map.

(1) Since 7 is a local isometry, it maps geodesics emanating from p; to geodesics emanating
from ¢ so the following diagram commutes:

dmp,

B(Opw T‘) - B<Oqa 7“)

exppil jequ

By (pi) —=— Br(a).

Since exp, odm,, is a diffeomorphism, 7 [ B, (p;) must be injective and since exp,, is surjective,
sois m [ B,(p;). Then, 7 | B,.(p;) is a bijection and as 7 is a local diffeomorphism, 7 | B,.(p;)
is a diffeomorphism.

(2) Obviously, U,.; Br(pi;) € #~1(B,(q)), by (1). Conversely, pick p; € 7~ (B, (q)). For
q1 = 7(p1), we can write q; = exp, v, for some v € B(0,4,7) and the map v(t) = exp,(1 —t)v,
for t € [0,1], is a geodesic in N joining ¢; to ¢. Then, we have the geodesic, 7, emanating
from p; with initial direction dr'(7/(0)) and as w0 (1) = (1) = ¢, we have (1) = p; for
some «. Since 7y has length less than r, we get p; € B,.(p;).

(3) Suppose p; € B,.(p;) N B.(p;). We can pick a minimal geodesic, ¥, in B, (p;), (resp
w in B,(p,)) joining p; to p (resp. joining p; to p). Then, the geodesics m o7 and 7o w
are geodesics in B,.(q) from ¢ to 7(p;) and their length is less than r. Since r < i(q), these
geodesics are minimal so they must coincide. Therefore, v = w, which implies ¢+ = 5. OJ

13.6 The Second Variation Formula and the
Index Form

In Section 12.4, we discovered that the geodesics are exactly the critical paths of the energy
functional (Theorem 12.19). For this, we derived the First Variation Formula (Theorem
12.18). Tt is not too surprising that a deeper understanding is achieved by investigating the
second derivative of the energy functional at a critical path (a geodesic). By analogy with
the Hessian of a real-valued function on R", it is possible to define a bilinear functional,

L T,Q(p, q) x T,2(p, q) — R,

when 7 is a critical point of the energy function, E (that is, v is a geodesic). This bilinear
form is usually called the index form. Note that Milnor denotes I, by E,, and refers to it
as the Hessian of E but this is a bit confusing since I, is only defined for critical points,
whereas the Hessian is defined for all points, critical or not.
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Now, if f: M — R is a real-valued function on a finite-dimensional manifold, M, and if
p is a critical point of f, which means that df, = 0, it is not hard to prove that there is a
symmetric bilinear map, I: T,M x T,M — R, such that

(X (p),Y(p)) = X,(Y[) = Yp(X]),

for all vector fields, X,Y € X(M). Furthermore, I(u,v) can be computed as follows, for any
u,v € T,M: for any smooth map, a: R? — R, such that

Oa oo
«(0,0) = p, 2 (0,0) = u, 7 (0,0) = v,
we have o
Huwy~ P |
0x0y (0,0)

The above suggests that in order to define
L,:T.Q(p,q) x T,Q(p,q) = R,

that is, to define L (W5, Ws,), where Wy, Wy € T,Q(p,q) are vector fields along ~ (with
W1 (0) = W5(0) = 0 and W;(1) = Wa(1) = 0), we consider 2-parameter variations,

a: U x[0,1] = M,
where U is an open subset of R? with (0,0) € U, such that

Oa oo
CY(O, 0, t) = 7<t)7 a_Ul (07 0, t) =W (t)v a_u2 (07 0, t) = W2(t)

Then, we set
82<E O &)(ul, UQ)

L,(Wy, Ws) =
(W1, Wa) OuyO0uy (0,0)’

where & € Q(p, q) is the path given by
aluy, ug)(t) = alug, ug, t).

For simplicity of notation, the above derivative if often written as 83125 - (0,0).

To prove that I,(W;, Ws) is actually well-defined, we need the following result:

Theorem 13.12 (Second Variation Formula) Let o: U x [0,1] — M be a 2-parameter vari-
ation of a geodesic, v € Qp, q), with variation vector fields Wy, Wy € T,Q(p, q) given by

oo Ja

Wilt) = 5 (0.0.6), Walt) = o= (0,0,1).
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Then, we have the formula

dW, ! D*W,
:—Z<W2(t>,At w >—/0 <W2,F+R<v,wl>v dt,

(0,0) t

1 82<E @) &)(ul, UQ)
2 Ou10us

where V() = +/(t) is the velocity field,
dw,  dw, aw,

g T W(h) - 7(75—)

15 the jump in dgt/l at one of its finitely many points of discontinuity in (0,1) and E is the

energy function on Q(p,q).

Proof. (After Milnor, see [106], Chapter II, Section 13, Theorem 13.1.) By the First Varia-
tion Formula (Theorem 12.18), we have

1 0E(a(uy, ug)) Ja . Oa da D Oa
2 Oup Z uy ot / oy 0t 0t )
Thus, we get
1 0*(Eod)(up,ug) D da , O« da D . O«
5 Buon _XKmﬁ@ m>‘2&%@a&§>
[(2m Doy, o Doy,
0 8u1 (9u2’ ot ot 0 8u2’ 8’&1 ot ot

Let us evaluate this expression for (uy, us) = (0,0). Since v = &(0, 0) is an unbroken geodesic,
we have

Oa D Oa
a- " mwa Y
so that the first and third term are zero. As
D da_D o
3u1 (975 n 82& 81111’

Ay

(see the remark just after Proposition 13.3), we can rewrite the second term and we get

1 0*(E o @)(u1,us) B D ! D D
5 aU1aUQ (070) - Z <W27 At& Wl> /0 <W27 aul at V> dt. (*)

7

In order to interchange the operators 2~ and £

B 5;» we need to bring in the curvature tensor.
Indeed, by Proposition 13.3, we have

D D D D Ja Oo
S

duy Ot Ot duy > V=RV, W)V.



418 CHAPTER 13. CURVATURE IN RIEMANNIAN MANIFOLDS

Together with the equation
D D da D da D

Ty 2% 29 Ty
Ouy ou, Ot Ot ou, ot

this yields
DD, DW
(?ul ot dt?

Substituting this last expression in (x), we get the Second Variation Formula. [

+ R(V, W)V.

Theorem 13.12 shows that the expression

O?(E o a)(uy, us)
8u18u2

(0,0)

only depends on the variation fields Wy and Wy and thus, I, (W3, W5) is actually well-defined.
If no confusion arises, we write I(Wy, Ws) for L,(Wy, Ws).

Proposition 13.13 Given any geodesic, v € Q(p, q), the map, I: T,Q(p, ¢) xT,Q(p, q¢) — R,
defined so that, for all Wi, Wy € T,Q(p, q),

O*(E o &) (uy, us)
Ouy Ous ’

(0,0)

I(Wy, W) =

only depends on Wy and Wy and is bilinear and symmetric, where ac: U x [0, 1] — M is any
2-parameter variation, with

O O
Oé(O, 07 t) = ’V(t)a a_ul (07 07 t) = Wl(t)a a_u2 (O’ 07 t) = WQ(t)

Proof. We already observed that the Second Variation Formula implies that I(W;, W) is
well defined. This formula also shows that [ is bilinear. As
O*(Eod)(ui,us) (B oa)(ur,us)
Ouq Ous N Ous0uy 7

I is symmetric (but this is not obvious from the right-handed side of the Second Variation
Formula). O

On the diagonal, I(WW, W) can be described in terms of a 1-parameter variation of 7. In

fact,
d*E(a)
I(W, W)= 0
ww) = = o),

where @t (—¢,€) = Q(p, ¢) denotes any variation of v with variation vector field, 4 (0) equal
to W. To prove this equation it is only necessary to introduce the 2-parameter variation

B(u1,uz) = a(uy + uz)
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and to observe that _ _
8_6 _da P(Eop) d*(Eoa)

(9ui N @7 8u18u2 N du?

As an application of the above remark we have the following result:

Proposition 13.14 If~ € Q(p, q) is a minimal geodesic, then the bilinear index form, I, is
positive semi-definite, which means that I(W, W) >0, for all W € T,Q(p, q).

Proof. The inequality

implies that
d*E(Q)
du? -

which is exactly what needs to be proved. [

If we define the index of
I:T.Q(p,q) x T,Qp,q) > R

as the maximum dimension of a subspace of T,(p, ¢) on which I is negative definite, then
Proposition 13.14 says that the index of I is zero (for the minimal geodesic ). It turns out
that the index of I is finite for any geodesic, v (this is a consequence of the Morse Index
Theorem,).

13.7 Jacobi Fields and Conjugate Points

Jacobi fields arise naturally when considering the expression involved under the integral sign
in the Second Variation Formula and also when considering the derivative of the exponential.

If B: E x E— R is a symmetric bilinear form defined on some vector space, E (possibly
infinite dimentional), recall that the nullspace of B is the subset, null(B), of E given by

null(B) ={u € E | B(u,v) =0, forallve E}.

The nullity, v, of B is the dimension of its nullspace. The bilinear form, B, is nondegenerate
iff null(B) = (0) iff v = 0. If U is a subset of E, we say that B is positive definite (resp.
negative definite) on U iff B(u,u) > 0 (resp. B(u,u) < 0) for all w € U, with u # 0. The
inder of B is the maximum dimension of a subspace of E on which B is negative definite.
We will determine the nullspace of the symmetric bilinear form,

[: T’yQ(pa q) X T’YQ(p7 q) — Ra
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where v is a geodesic from p to ¢ in some Riemannian manifold, M. Now, if W is a vector
field in T,82(p, ¢) and W satisfies the equation
D*W
dt?

where V' (t) = 7/(t) is the velocity field of the geodesic, 7, since W is smooth along =, it is
obvious from the Second Variation Formula that

+R(V, W)V =0, (%)

I(W,W3) =0, for all Wy € T,Q(p, q).

Therefore, any vector field in the nullspace of I must satisfy equation (x). Such vector fields

are called Jacobi fields.

Definition 13.7 Given a geodesic, v € Q(p, q), a vector field, J, along v is a Jacobi field iff
it satisfies the Jacobi differential equation
D?J
dt?

+ R(y,J)y =0.

The equation of Definition 13.7 is a linear second-order differential equation that can be
transformed into a more familiar form by picking some orthonormal parallel vector fields,
Xi,...,X,, along 7. To do this, pick any orthonormal basis, (ei,...,e,) in T,M, with
er = v (0)/]7'(0)]], and use parallel transport along v to get Xi,...,X,. Then, we can
write J = Y, y;X;, for some smooth functions, y;, and the Jacobi equation becomes the
system of second-order linear ODE’s,

n

d?y;
: T ZR('Y/vEJ”Y’>Ei)?/j =0, 1<i<n.
7j=1

dt?

By the existence and uniqueness theorem for ODE’s, for every pair of vectors, u,v € T,M,
there is a unique Jacobi fields, ./, so that J(0) = u and £2(0) = v. Since T, M has dimension
n, it follows that the dimension of the space of Jacobi fields along v is 2n. If J(0) and %(0)
are orthogonal to 7/(0), then J(t) is orthogonal to ~/(t) for all ¢ € [0,1]. Indeed, the ODE

for d;ty; yields
4y, o
a2z
and as y1(0) = 0 and %(O) = 0, we get y;(t) = 0 for all £ € [0,1]. Furthermore, if J is

orthogonal to v, which means that J(t) is orthogonal to 4/(t), for all ¢ € [0, 1], then 27 is

dt
also orthogonal to ~v. Indeed, as 7 is a geodesic,
d DJ
0=—(J,7) = (—,7).
7 ) = ()

Therefore, the dimension of the space of Jacobi fields normal to 7 is 2n — 2. These facts
prove part of the following
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Proposition 13.15 If v € Q(p,q) is a geodesic in a Riemannian manifold of dimension n,
then the following properties hold:

(1) For allu,v € T,M, there is a unique Jacobi fields, J, so that J(0) = u and ZZ(0) = v.
Consequently, the vector space of Jacobi fields has dimension n.

(2) The subspace of Jacobi fields orthogonal to v has dimension 2n — 2. The vector fields
v and t — t'(t) are Jacobi fields that form a basis of the subspace of Jacobi fields
parallel to v (that is, such that J(t) is collinear with '(t), for all t € [0,1].)

(3) If J is a Jacobi field, then J is orthogonal to ~y iff there exist a,b € [0, 1], with a # b,
so that J(a) and J(b) are both orthogonal to ~y iff there is some a € [0,1] so that J(a)
and 22(a) are both orthogonal to .

(4) For any two Jacobi fields, X,Y, along v, the expression (V. X,Y) — (VY , X) is a
constant and if X and Y vanish at some point on vy, then (V.. X,Y) —(V, Y, X) = 0.

Proof. We already proved (1) and part of (2). If .J is parallel to 7, then J(t) = f(t)y(¢) and
the Jacobi equation becomes

Therefore,
J(t) = (a+ Bt)y'(t).
It is easily shown that 7 and ¢ +— ¢+/(¢) are linearly independent (as vector fields).

To prove (3), using the Jacobi equation, observe that

d? D2J
@ <J, ’Y'> = <W’71> = —R(J, ’Y’a’Y//Y/) = 0.

Therefore,
(J,7) = a+pt

and the result follows. We leave (4) as an exercise. [J

Following Milnor, we will show that the Jacobi fields in 7,£)(p, ¢) are exactly the vector
fields in the nullspace of the index form, I. First, we define the important notion of conjugate
points.

Definition 13.8 Let v € Q(p, q) be a geodesic. Two distinct parameter values, a,b € [0, 1],
with a < b, are conjugate along y iff there is some Jacobi field, J, not identically zero, such
that J(a) = J(b) = 0. The dimension, k, of the space, J, s, consisting of all such Jacobi
fields is called the multiplicity (or order of conjugacy) of a and b as conjugate parameters.
We also say that the points p; = y(a) and py = 7(b) are conjugate along 7.
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Remark: As remarked by Milnor and others, as v may have self-intersections, the above
definition is ambiguous if we replace a and b by p; = y(a) and ps = y(b), even though many
authors make this slight abuse. Although it makes sense to say that the points p; and ps
are conjugate, the space of Jacobi fields vanishing at p; and py is not well defined. Indeed,
if p1 = ~(a) for distinct values of a (or py = 7(b) for distinct values of b), then we don’t
know which of the spaces, Jqp, to pick. We will say that some points p; and p, on 7 are
conjugate iff there are parameter values, a < b, such that p; = v(a), po = v(b), and a and b
are conjugate along .

However, for the endpoints p and ¢ of the geodesic segment v, we may assume that
p=(0) and g = (1), so that when we say that p and ¢ are conjugate we consider the space
of Jacobi fields vanishing for ¢ = 0 and ¢ = 1. This is the definition adopted Gallot, Hulin
and Lafontaine [60] (Chapter 3, Section 3E).

In view of Proposition 13.15 (3), the Jacobi fields involved in the definition of conjugate
points are orthogonal to v. The dimension of the space of Jacobi fields such that J(a) = 0 is
obviously n, since the only remaining parameter determining J is %(a). Furthermore, the
Jacobi field, t +— (¢t — a)/(t), vanishes at a but not at b, so the multiplicity of conjugate

parameters (points) is at most n — 1.

For example, if M is a flat manifold, that is, iff its curvature tensor is identically zero,
then the Jacobi equation becomes
D?J
dt?
It follows that J = 0, and thus, there are no conjugate points. More generally, the Jacobi
equation can be solved explicitly for spaces of constant curvature.

=0.

Theorem 13.16 Let v € Q(p,q) be a geodesic. A vector field, W € T,Q(p,q), belongs to
the nullspace of the index form, I, iff W is a Jacobi field. Hence, I is degenerate if p and q
are conjugate. The nullity of I is equal to the multiplicity of p and q.

Proof. (After Milnor [106], Theorem 14.1). We already observed that a Jacobi field vanishing
at 0 and 1 belong to the nullspace of I.

Conversely, assume that W, € T,£)(p, ¢) belongs to the nullspace of I. Pick a subdivision,
0=ty <ty <---<tp=10f]0,1] so that Wy | [t;, t;4+1] is smooth for all i = 0,...,k—1 and
let f:[0,1] — [0,1] be a smooth function which vanishes for the parameter values to, ..., t
and is strictly positive otherwise. Then, if we let

wa(t) = 10 (g + RO )

by the Second Variation Formula, we get

2

dt.

D2W-
o=——fW1,W2 Zo+ H dt;wv,wl)
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Consequently, Wy | [t;, tiy1] is a Jacobi field for all ¢ = 0,..., k — 1.
Now, let Wj € T,Q(p, q) be a field such that

Dw,

Wa(t;) = A, , =1,...,k—1
We get
k— 1
1 DW1
0=—5I(Wi,W3) = 2; A, — /0 0dt.
Hence, 2 W1 has no jumps. Now, a solution, W7, of the Jacobi equation is completely

determlned by the vectors Wi (t;) and 232 (t;), so the k Jacobi fields, Wy | [t;, t;41], fit
together to give a Jacobi field, Wy, which is smooth throughout [0, 1]. O

Theorem 13.16 implies that the nullity of I is finite, since the vector space of Jacobi fields
vanishing at 0 and 1 has dimension at most n. In fact, we observed that the dimension of
this space is at most n — 1.

Corollary 13.17 The nullity, v, of I satisfies 0 <v <n — 1, where n = dim(M).

Jacobi fields turn out to be induced by certain kinds of variations called geodesic varia-
tions.

Definition 13.9 Given a geodesic, v € Q(p, q), a geodesic variation of 7y is a smooth map,
a: (—e,€) x [0,1] = M,
such that
(1) «(0,t) =~(t), for all t € [0, 1].
(2) For every u € (—e¢,€), the curve a(u) is a geodesic, where

a(u)(t) = a(u,t), t € [0,1].

Note that the geodesics, a(u), do not necessarily begin at p and end at ¢ and so, a
geodesic variation is not a “fixed endpoints” variation.

Proposition 13.18 If a: (—¢,¢) x [0,1] — M is a geodesic variation of v € Q(p,q), then
the vector field, W (t) = 8—‘“(0 t), is a Jacobi field along .
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Proof. As « is a geodesic variation, we have

Doa_,
dt Ot .
Hence, using Proposition 13.3, we have
D D da

Ou Ot Ot
_ D Dou (00 da)a
~ 0t Ou Ot ot ou) ot
D 0a | (00 0a) da
ot du ot’ du ) ot’
where we used the fact (already used before) that
D 0o D O

ot ou  Ou ot

as the Levi-Civita connection is torsion-free. [J

For example, on the sphere, S”, for any two antipodal points, p and ¢, rotating the sphere
keeping p and ¢ fixed, the variation field along a geodesic, v, through p and ¢ (a great circle)
is a Jacobi field vanishing at p and ¢q. Rotating in n — 1 different directions one obtains n —1
linearly independent Jacobi fields and thus, p and ¢ are conjugate along v with multiplicity
n—1.

Interestingly, the converse of Proposition 13.18 holds.

Proposition 13.19 For every Jacobi field, W (t), along a geodesic, v € Q(p,q), there is
some geodesic variation, o (—e,€) X [0,1] — M of vy, such that W (t) g—i(o,t). Further-
more, for every point, v(a), there is an open subset, U, containing y(a), such that the Jacobi
fields along a geodesic segment in U are uniquely determined by their values at the endpoints
of the geodesic.

Proof. (After Milnor, see [106], Chapter 111, Lemma 14.4.) We begin by proving the second
assertion. By Proposition 12.4 (1), there is an open subset, U, with v(0) € U, so that any
two points of U are joined by a unique minimal geodesic which depends differentially on the
endpoints. Suppose that y(t) € U for t € [0,0]. We will construct a Jacobi field, W, along
v 1 10, 8] with arbitrarily prescribed values, u, at t = 0 and v at ¢ = §. Choose some curve,
co: (—€,€) — U, so that ¢o(0) = 7(0) and ¢{(0) = u and some curve, ¢5: (—¢,€) — U, so
that ¢;(0) = v(0) and ¢(0) = v. Now, define the map,
a: (—e,€) x [0,0] = M,
by letting a/(u): [0,6] — M be the unique minimal geodesic from co(u) to cs(u). It is easily
checked that « is a geodesic variation of v | [0,0] and that
Oa

J(t) = 50,1
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is a Jacobi field such that J(0) = u and J(J) = v.

We claim that every Jacobi field along v [ [0,d] can be obtained uniquely in this way.
If Js denotes the vector space of all Jacobi fields along v [ [0, 4], the map J — (J(0), J(9))
defines a linear map

l: Js — T’y(O)M X Ty((;)M.

The above argument shows that ¢ is onto. However, both vector spaces have the same
dimension, 2n, so ¢ is an isomorphism. Therefore, every Jacobi field in Js is determined by
its values at y(0) and ~(9).

Now, the above argument can be repeated for every point, v(a), on 7, so we get an open
cover, {(la,74)}, of [0, 1], such that every Jacobi field along v | [, r,] is uniquely determined
by its endpoints. By compactness of [0, 1], the above cover possesses some finite subcover
and we get a geodesic variation, «, defined on the entire interval [0, 1] whose variation field
is equal to the original Jacobi field, W. O

Remark: The proof of Proposition 13.19 also shows that there is some open interval (=4, d),
such that if t € (—4,6), then ~(¢) is not conjugate to v(0) along ~y. In fact, the Morse Index
Theorem implies that for any geodesic segment, «y: [0, 1] — M, there are only finitely many
points which are conjugate to v(0) along 7 (see Milnor [106], Part III, Corollary 15.2).

There is also an intimate connection between Jacobi fields and the differential of the
exponential map and between conjugate points and critical points of the exponential map.

Recall that if f: M — N is a smooth map between manifolds, a point, p € M, is a
critical point of f iff the tangent map at p,
dfpi TpM — Tf(p)N,

is not surjective. If M and N have the same dimension, which will be the case in the sequel,
df, is not surjective iff it is not injective, so p is a critical point of f iff there is some nonzero
vector, u € T,,M, such that df,(u) = 0.

If exp,: T,M — M is the exponential map, for any v € T, M where exp,(v) is defined,
we have the derivative of exp, at v;

(dexp,)v: To(T,M) — T,M.

Since T, M is a finite-dimensional vector space, T, (T}, M ) is isomorphic to T,M, so we identify
T,(T,M) with T,M.

Proposition 13.20 Let v € Q(p,q) be a geodesic. The point, r = ~(t), with t € (0,1], is
conjugate to p along 7y iff v =17/(0) is a critical point of exp,. Furthermore, the multiplicity
of p and r as conjugate points is equal to the dimension of the kernel of (dexp,)s.
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A proof of Proposition 13.20 can be found in various places, including Do Carmo [50]
(Chapter 5, Proposition 3.5), O’Neill [119] (Chapter 10, Proposition 10), or Milnor [106]
(Part III, Theorem 18.1).

Using Proposition 13.19 it is easy to characterize conjugate points in terms of geodesic
variations.

Proposition 13.21 If v € Q(p,q) is a geodesic, then q is conjugate to p iff there is a
geodesic variation, «, of vy, such that every geodesic, a(u), starts from p, the Jacobi field,
J(t) = %2(0,t) does not vanish identically, and J(1) = 0.

Jacobi fields can also be used to compute the derivative of the exponential (see Gallot,
Hulin and Lafontaine [60], Chapter 3, Corollary 3.46).

Proposition 13.22 Given any point, p € M, for any vectors u,v € T,M, if exp,v is
defined, then
J(t) = (dexp,)w(tu),  0<t <1,

is a Jacobi field such that Z2(0) = u.

Remark: If u,v € T,M are orthogonal unit vectors, then R(u,v,u,v) = K(u,v), the sec-
tional curvature of the plane spanned by v and v in T, M, and for ¢ small enough, we have

|J(@t)]| =t — éK(u,v)t:” + o(t%).

(Here, o(t®) stands for an expression of the form #*R(t), such that lims o R(t) = 0.) Intu-
itively, this formula tells us how fast the geodesics that start from p and are tangent to the
plane spanned by u and v spread apart. Locally, for K (u,v) > 0, the radial geodesics spread
apart less than the rays in 7,M and for K(u,v) < 0, they spread apart more than the rays
in T,,M. More details, see Do Carmo [50] (Chapter 5, Section 2).

There is also another version of “Gauss lemma” (see Gallot, Hulin and Lafontaine [60],
Chapter 3, Lemma 3.70):

Proposition 13.23 (Gauss Lemma) Given any point, p € M, for any vectors u,v € T,M,
if exp, v is defined, then

(d(exp,)w(u), d(exp,)w(v)) = (u,v), 0<t<l1.

As our (connected) Riemannian manifold, M, is a metric space, the path space, Q(p, q),
is also a metric space if we use the metric, d*, given by

d*(wr, w2) = max(d(w (t), wa(t))),

where d is the metric on M induced by the Riemannian metric.

Remark: The topology induced by d* turns out to be the compact open topology on Q(p, q).
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Theorem 13.24 Let v € Q(p,q) be a geodesic. Then, the following properties hold:

(1) If there are no conjugate points to p along vy, then there is some open subset, V, of
Q(p, q), with v € V, such that

L(w) > L(y) and E(w)> E(v), forallw eV,
with strict inequality when w([0,1]) # ([0, 1]). We say that v is a local minimum.

(2) If there is some t € (0,1) such that p and v(t) are conjugate along v, then there is a
fized endpoints variation, «, such that

L(a(uw)) < L(y) and E(a(u)) < E(y), for w small enough.

A proof of Theorem 13.24 can be found in Gallot, Hulin and Lafontaine [60] (Chapter 3,
Theorem 3.73) or in O’Neill [119] (Chapter 10, Theorem 17 and Remark 18).

13.8 Convexity, Convexity Radius

Proposition 12.4 shows that if (M, ¢) is a Riemannian manifold, then for every point, p € M,
there is an open subset, W C M, with p € W and a number € > 0, so that any two points
q1, g2 of W are joined by a unique geodesic of length < e. However, there is no garantee that
this unique geodesic between ¢; and ¢, stays inside W. Intuitively this says that W may not
be convex.

The notion of convexity can be generalized to Riemannian manifolds but there are some
subtleties. In this short section, we review various definition or convexity found in the
literature and state one basic result. Following Sakai [130] (Chapter IV, Section 5), we make
the following definition:

Definition 13.10 Let C' C M be a nonempty subset of some Riemannian manifold, M.

(1) The set C'is called strongly convez iff for any two points, p, g € C, there exists a unique
minimal geodesic, v, from p to ¢ in M and ~ is contained in C'.

(2) If for every point, p € C, there is some €(p) > 0, so that C'N By (p) is strongly convex,
then we say that C'is locally convex (where By (p) is the metric ball of center 0 and
radius €(p)).

(3) The set C' is called totally convez iff for any two points, p,q € C, all geodesics from p
to ¢ in M are contained in C'.

It is clear that if C' is strongly convex or totally convex, then C'is locally convex. If M
is complete and any two points are joined by a unique geodesic, then the three conditions
of Definition 13.10 are equivalent. The next Proposition will show that a metric ball with
sufficiently small radius is strongly convex.
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Definition 13.11 For any p € M, the convexity radius at p, denoted, r(p), is the least
upper bound of the numbers, r > 0, such that for any metric ball, B.(q), if B.(q) C B.(p),
then B.(q) is strongly convex and every geodesic contained in B,.(p) is a minimal geodesic
joining its endpoints. The convezity radius of M, r(M), as the greatest lower bound of the

set {r(p) |p e M}.

Note that it is possible that r(p) = 0 if M is not compact.

The following proposition is proved in Sakai [130] (Chapter IV, Section 5, Theorem 5.3).

Proposition 13.25 If M is a Riemannian manifold, then r(p) > 0 for every p € M and
the map, p — r(p) € Ry U {oo} is continuous. Furthermore, if r(p) = oo for some p € M,
then r(q) = oo for all g € M.

That r(p) > 0 is also proved in Do Carmo [50] (Chapter 3, Section 4, Proposition 4.2).
More can be said about the structure of connected locally convex subsets of M, see Sakai
[130] (Chapter IV, Section 5).

Remark: The following facts are stated in Berger [16] (Chapter 6):
(1) If M is compact, then the convexity radius, r(M), is strictly positive.

(2) r(M) < 3i(M), where i(M) is the injectivity radius of M.

Berger also points out that if M is compact, then the existence of a finite cover by convex
balls can used to triangulate M. This method was proposed by Hermann Karcher (see Berger
[16], Chapter 3, Note 3.4.5.3).

13.9 Applications of Jacobi Fields and
Conjugate Points

Jacobi fields and conjugate points are basic tools that can be used to prove many global
results of Riemannian geometry. The flavor of these results is that certain constraints on
curvature (sectional, Ricci, sectional) have a significant impact on the topology. One may
want consider the effect of non-positive curvature, constant curvature, curvature bounded
from below by a positive constant, etc. This is a vast subject and we highly recommend
Berger’s Panorama of Riemannian Geometry [16] for a masterly survey. We will content
ourselves with three results:

(1) Hadamard and Cartan’s Theorem about complete manifolds of non-positive sectional
curvature.
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(2) Myers’ Theorem about complete manifolds of Ricci curvature bounded from below by
a positive number.

(3) The Morse Index Theorem.

First, on the way to Hadamard and Cartan we begin with a proposition.

Proposition 13.26 Let M be a complete Riemannian manifold with non-positive curvature,
K < 0. Then, for every geodesic, v € Q(p,q), there are no conjugate points to p along
7. Consequently, the exponential map, exp,: T,M — M, is a local diffeomorphism for all
pe M.

Proof. Let J be a Jacobi field along v. Then,

D*J
dt?

+R(,J)y =0

so that, by the definition of the sectional curvature,

D*J / / / /
Wﬂj :_<R(7>J)7>J):_R<77J777J)ZO

4 /pi
dt \ dt’ dt2’

Thus, the function, t — <[C)l£], J > is monotonic increasing and, strlctly SO 1f 7é 0. If J

vanishes at both 0 and ¢, for any given ¢ € (0, 1], then so does < o ,J> and hence < 27 >
must vanish throughout the interval [0, ¢]. This implies

It follows that

70 =20 =0,

so that J is identically zero. Therefore, ¢ is not conjugate to 0 along . OJ

Theorem 13.27 (Hadamard-Cartan) Let M be a complete Riemannian manifold. If M
has non-positive sectional curvature, K < 0, then the following hold:

(1) For every p € M, the map, exp,: T,M — M, is a Riemannian covering.

(2) If M is simply connected then M is diffeomorphic to R™, where n = dim(M); more
precisely, exp,: T,M — M is a diffeomorphism for all p € M. Furthermore, any two
points on M are joined by a unique minimal geodesic.
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Proof. We follow the proof in Sakai [130] (Chapter V, Theorem 4.1).

(1) By Proposition 13.26, the exponential map, exp,: T,M — M, is a local diffeomor-
phism for all p € M. Let g be the pullback metric, g = (exp,)*g, on T,M (where g denotes
the metric on M). We claim that (7,M,q) is complete.

This is because, for every nonzero v € T,M, the line, ¢t — tu, is mapped to the geodesic,
t = exp,(tu), in M, which is defined for all ¢ € R since M is complete, and thus, this line is
a geodedic in (7,M,g). Since this holds for all uw € T,M, (T,M,q) is geodesically complete
at 0, so by Hopf-Rinow, it is complete. But now, exp,: T,M — M is a local isometry and
by Proposition 13.11, it is a Riemannian covering map.

(2) If M is simply connected, then by Proposition 3.38, the covering map exp,,: T,M — M
is a diffeomorphism (7, M is connected). Therefore, exp,: T,M — M is a diffeomorphism
forallpe M. O

Other proofs of Theorem 13.27 can be found in Do Carmo [50] (Chapter 7, Theorem 3.1),
Gallot, Hulin and Lafontaine [60] (Chapter 3, Theorem 3.87), Kobayashi and Nomizu [90]
(Chapter VIII, Theorem 8.1) and Milnor [106] (Part III, Theorem 19.2).

Remark: A version of Theorem 13.27 was first proved by Hadamard and then extended by
Cartan.

Theorem 13.27 was generalized by Kobayashi, see Kobayashi and Nomizu [90] (Chapter
VIII, Remark 2 after Corollary 8.2). Also, it is shown in Milnor [106] that if M is complete,
assuming non-positive sectional curvature, then all homotopy groups, m;(M), vanish, for
i > 1, and that m (M) has no element of finite order except the identity. Finally, non-
positive sectional curvature implies that the exponential map does not decrease distance
(Kobayashi and Nomizu [90], Chapter VIII, Section 8, Lemma 3).

We now turn to manifolds with strictly positive curvature bounded away from zero and
to Myers’ Theorem. The first version of such a theorem was first proved by Bonnet for
surfaces with positive sectional curvature bounded away from zero. It was then generalized
by Myers in 1941. For these reasons, this theorem is sometimes called the Bonnet-Myers’
Theorem. The proof of Myers Theorem involves a beautiful “trick”.

Given any metric space, X, recall that the diameter of X is defined by
diam(X) = sup{d(p,q) [ p,q € X}.
The diameter of X may be infinite.

Theorem 13.28 (Myers) Let M be a complete Riemannian manifold of dimension n and
assume that

Ric(u,u) > (n—1)/r% for all unit vectors, uw € T,M, and for all p € M,

with r > 0. Then,
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(1) The diameter of M is bounded by mr and M is compact.
(2) The fundamental group of M is finite.

Proof. (1) Pick any two points p, g € M and let d(p,q) = L. As M is complete, by Hopf and
Rinow’s Theorem, there is a minimal geodesic, ~, joining p and ¢ and by Proposition 13.14,
the bilinear index form, I, associated with ~ is positive semi-definite, which means that
I(W, W) > 0, for all vector fields, W € T.€Q(p, q). Pick an orthonormal basis, (e1,...,e,),
of T,M, with e; = +/(0)/L. Using parallel transport, we get a field of orthonormal frames,
(X1,...,X,), along v, with X;(t) = ~/(t)/L. Now comes Myers’ beautiful trick. Define new
vector fields, Y;, along v, by

W;(t) = sin(nt) X;(t), 2<i<n.

We have DX
7 (t) = LX; and g7 L =0.
Then, by the second variation formula,
1 ! D2VVZ' / /
§](Wz‘,Wz‘) = - WiWJFR(V,Wi)W dt
0

= /0 (sin(nt))*(7? — L* (R(X1, X)) X1, X;))dt,

for i = 2,...,n. Adding up these equations and using the fact that

n

Ric(X, (), X1 (t)) = > (R(X1(t), Xi(£)) X1 (t), X (1)),

1=2

% Z](Wi, W;) = /O (sin(7t))?[(n — 1)m* — L? Ric(X1(t), X1 (t))]dt.
Now, by hypothesis,
Ric(X,(t), X1(t)) > (n — 1) /1%,

SO
n

I(W;, W;) < /o (sin(7t))? [(n — )% —(n— 1)L— dt,

0< =

DN | —

1=2

which implies f—j < 72, that is
d(p,q) =L <.

As the above holds for every pair of points, p,q € M, we conclude that

diam(M) < 7r.
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Since closed and bounded subsets in a complete manifold are compact, M itself must be
compact.

(2) Since the universal covering space, M , of M has the pullback of the metric on M, this
metric satisfies the same assumption on its Ricci curvature as that of M. Therefore, M is

also compact, which implies that the fundamental group, (M), is finite (see the discussion
at the end of Section 3.9). O

Remarks:

(1) The condition on the Ricci curvature cannot be weakened to Ric(u,u) > 0 for all unit
vectors. Indeed, the paraboloid of revolution, z = 2?42, satisfies the above condition,
yet it is not compact.

(2) Theorem 13.28 also holds under the stronger condition that the sectional curvature
K (u,v) satisfies
K(u,v) > (n—1)/r%

for all orthonormal vectors, u,v. In this form, it is due to Bonnet (for surfaces).

It would be a pity not to include in this section a beautiful theorem due to Morse.

Theorem 13.29 (Morse Index Theorem) Given a geodesic, v € Q(p,q), the index, \, of
the index form, I: T, (p,q) x T,Qp,q) — R, is equal to the number of points, y(t), with
0 <t <1, such that y(t) is conjugate to p = ~(0) along v, each such conjugate point counted
with its multiplicity. The index X is always finite.

As a corollary of Theorem 13.29, we see that there are only finitely many points which
are conjugate to p = y(0) along .

A proof of Theorem 13.29 can be found in Milnor [106] (Part III, Section 15) and also in
Do Carmo [50] (Chapter 11) or Kobayashi and Nomizu [90] (Chapter VIII, Section 6).

A key ingredient of the proof is that the vector space, T,(p, ¢), can be split into a direct
sum of subspaces mutually orthogonal with respect to I, on one of which (denoted 7") I
is positive definite. Furthermore, the subspace orthogonal to 1" is finite-dimensional. This
space is obtained as follows: Since for every point, y(t), on =, there is some open subset,
Uy, containing 7(t) such that any two points in U, are joined by a unique minimal geodesic,
by compactness of [0, 1], there is a subdivision, 0 =ty < t; < --- < t;, = 1 of [0, 1] so that
v T [ti, tix1] lies within an open where it is a minimal geodesic.

Let T,Q(to, ..., tx) € T,Q(p,q) be the vector space consisting of all vector fields, W,
along v such that

(1) W | [ti, tir1] is a Jacobi field along ~ | [t;, t;y1], for i =0,... k— 1.
(2) W(0) =W(1) =0.
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The space T,Q(to, ..., tx) € T,8(p,q) is a finite-dimensional vector space consisting of
broken Jacobi fields. Let 7" C T €Q(p, q) be the vector space consisting of all vector fields,
W e T,Q(p, q), for which

W(t;) =0, 0<i<k.

It is not hard to prove that
T.Qp, q) = T,Qto, ... . ty) ®T,

that 7,Q(tg, ..., t;) and T" are orthogonal w.r.t I and that I [ T is positive definite. The
reason why [(W, W) > 0 for W € T" is that each segment, 7 [ [t;, t;11], is a minimal geodesic,
which has smaller energy than any other path between its endpoints.

As a consequence, the index (or nullity) of I is equal to the index (or nullity) of I
restricted to the finite dimensional vector space, T,€(to, . .., tx). This shows that the index
is always finite.

In the next section, we will use conjugate points to give a more precise characterization
of the cut locus.

13.10 Cut Locus and Injectivity Radius:
Some Properties

We begin by reviewing the definition of the cut locus from a slightly different point of view.
Let M be a complete Riemannian manifold of dimension n. There is a bundle, UM, called
the unit tangent bundle, such that the fibre at any p € M is the unit sphere, S*™~* C T,M
(check the details). As usual, we let 7: UM — M denote the projection map which sends
every point in the fibre over p to p. Then, we have the function,

pi UM = R,
defined so that for all p € M, for all v € S"~' C T, M,

p(v) = sup d(m(v),exp,(tv)) =t
teRU{oo}
= sup{t € RU{oo} | the geodesic ¢+ exp,(tv) is minimal on [0,]}.

The number p(v) is called the cut value of v. It can be shown that p is continuous and for
every p € M, we let

Cut(p) = {p(v)v € T,M | v € UM NT,M, p(v) is finite}
be the tangential cut locus of p and

Cut(p) = epr(al/t(p))
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be the cut locus of p. The point, exp,(p(v)v), in M is called the cut point of the geodesic,
t = exp,(vt), and so, the cut locus of p is the set of cut points of all the geodesics emanating
from p. Also recall from Definition 12.7 that

Uy ={veT,M|p(v) >1}
and that U, is open and star-shaped. It can be shown that
(/]\u/t(p) = Oy
and the following property holds:
Theorem 13.30 If M is a complete Riemannian manifold, then for every p € M, the

ezponential map, exp,, is a diffeomorphism between U, and its image,
exp,(U,) = M — Cut(p), in M.

Proof. The fact that exp, is injective on U, was shown in Proposition 12.16. Now, for any
v € U, as t > exp,(tv) is a minimal geodesic for ¢ € [0,1], by Theorem 13.24 (2), the
point exp, v is not conjugate to p, so d(epr)U is bijective, which implies that exp, is a local
diffeomorphism. As exp, is also injective, it is a diffeomorphism. OJ

Theorem 13.30 implies that the cut locus is closed.

Remark: In fact, M — Cut(p) can be retracted homeomorphically onto a ball around p and
Cut(p) is a deformation retract of M — {p}.

The following Proposition gives a rather nice characterization of the cut locus in terms
of minimizing geodesics and conjugate points:

Proposition 13.31 Let M be a complete Riemannian manifold. For every pair of points,
p,q € M, the point q belongs to the cut locus of p iff one of the two (not mutually exclusive
from each other) properties hold:

(a) There exist two distinct minimizing geodesics from p to q.

(b) There is a minimizing geodesic, 7y, from p to q and q is the first conjugate point to p
along 7.

A proof of Proposition 13.31 can be found in Do Carmo [50] (Chapter 13, Proposition
2.2) Kobayashi and Nomizu [90] (Chapter VIII, Theorem 7.1) or Klingenberg [88] (Chapter
2, Lemma 2.1.11).

Observe that Proposition 13.31 implies the following symmetry property of the cut locus:
q € Cut(p) iff p € Cut(q). Furthermore, if M is compact, we have

p= (] Cut(g.
)

geCut(p

Proposition 13.31 admits the following sharpening:
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Proposition 13.32 Let M be a complete Riemannian manifold. For all p,q € M, if
q € Cut(p), then:

(a) If among the minimizing geodesics from p to q, there is one, say 7y, such that q is not
conjugate to p along v, then there is another minimizing geodesic w # ~y from p to q.

(b) Suppose q € Cut(p) realizes the distance from p to Cut(p) (i.e., d(p,q) = d(p, Cut(p))).
If there are no minimal geodesics from p to q such that q is conjugate to p along this
geodesic, then there are exactly two minimizing geodesics, vy, and s, from p to q, with
Y5 (1) = —~4(1). Moreover, if d(p,q) = i(M) (the injectivity radius), then ~; and s
together form a closed geodesic.

Except for the last statement, Proposition 13.32 is proved in Do Carmo [50] (Chapter 13,
Proposition 2.12). The last statement is from Klingenberg [88] (Chapter 2, Lemma 2.1.11).

We also have the following characterization of évut(p):

Proposition 13.33 Let M be a complete Riemannian manifold. For any p € M, the set
of vectors, u € Cut(p), such that is some v € Cut(p) with v # u and exp,(u) = exp,(v), is

dense in 6\/ut(p)

Proposition 13.33 is proved in Klingenberg [88] (Chapter 2, Theorem 2.1.14).

We conclude this section by stating a classical theorem of Klingenberg about the injec-
tivity radius of a manifold of bounded positive sectional curvature.

Theorem 13.34 (Klingenberg) Let M be a complete Riemannian manifold and assume that
there are some positive constants, Ky, Kmax, sSuch that the sectional curvature of K satisfies

O < Kmin S K S Kmax‘

Then, M 1is compact and either

(a) i(M) > 7/ Knax, or

(b) There is a closed geodesic, 7y, of minimal length among all closed geodesics in M and
such that

The proof of Theorem 13.34 is quite hard. A proof using Rauch’s comparison Theorem
can be found in Do Carmo [50] (Chapter 13, Proposition 2.13).
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Chapter 14

Discrete Curvatures and (Geodesics on
Polyhedral Surfaces

437
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Chapter 15

The Laplace-Beltrami Operator,
Harmonic Forms, The Connection
Laplacian and Weitzenbock Formulae

15.1 The Gradient, Hessian and Hodge * Operators on
Riemannian Manifolds

The Laplacian is a very important operator because it shows up in many of the equations
used in physics to describe natural phenomena such as heat diffusion or wave propagation.
Therefore, it is highly desirable to generalize the Laplacian to functions defined on a man-
ifold. Furthermore, in the late 1930’s George de Rham (inspired by Elie Cartan) realized
that it was fruitful to define a version of the Laplacian operating on differential forms, be-
cause of a fundamental and almost miraculous relationship between harmonics forms (those
in the kernel of the Laplacian) and the de Rham cohomology groups on a (compact, ori-
entable) smooth manifold. Indeed, as we will see in Section 15.3, for every cohomology
group, HER (M), every cohomology class, [w] € HER (M), is represented by a unique har-
monic k-form, w. This connection between analysis and topology lies deep and has many
important consequences. For example, Poincaré duality follows as an “easy” consequence of
the Hodge Theorem.

Technically, the Laplacian can be defined on differential forms using the Hodge * operator
(Section 22.16). On functions, there are alternate definitions of the Laplacian using only the
covariant derivative and obtained by generalizing the notions of gradient and divergence to
functions on manifolds.

Another version of the Laplacian can be defined in terms of the adjoint of the connection,
V, on differential forms, viewed as a linear map from A*(M) to Homeee(any (X(M), A*(M)).
We obtain the connection Laplacian (also called Bochner Laplacian), V*V. Then, it is
natural to wonder how the Hodge Laplacian, A, differs from the connection Laplacian, V*V?
Remarkably, there is a formula known as Weitzenbdck’s formula (or Bochner’s formula) of

439
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the form
A =V"'V + C(Ry),

where C'(Ry) is a contraction of a version of the curvature tensor on differential forms (a
fairly complicated term). In the case of one-forms,

A = V*V + Ric,

where Ric is a suitable version of the Ricci curvature operating on one-forms.

Weitzenbock-type formulae are at the root of the so-called “Bochner Technique”, which
consists in exploiting curvature information to deduce topological information. For example,
if the Ricci curvature on a compact, orientable Riemannian manifold is strictly positive, then
HLz (M) = (0), a theorem due to Bochner.

If (M, (—,—)) is a Riemannian manifold of dimension n, then for every p € M, the inner
product, (—,—),, on T,M yields a canonical isomorphism, b: T,M — Ty M, as explained
in Sections 22.1 and 11.5. Namely, for any u € T,M, v’ = b(u) is the linear form in T;M
defined by

u’(v) = (u,v), veT,M.

Recall that the inverse of the map b is the map §: T>M — T,M. As a consequence, for every
smooth function, f € C°°(M), we get smooth vector field, grad f = (df)*, defined so that

(grad f), = (df,)*,

that is, we have

((grad f),, u), = df,(u), forall we T,M.
The vector field, grad f, is the gradient of the function f.
Conversely, a vector field, X € X(M), yields the one-form, X* € A'(M), given by

(Xb>p = (Xp)b-

The Hessian, Hess(f), (or V2(f)) of a function, f € C°(M), is the (0,2)-tensor defined
by
Hess(f)(X,Y) = X(Y(f)) = (VxY)(f) = X(df(Y)) — df (VxY),

for all vector fields, X,Y € X(M).

Recall from Proposition 11.5 that the covariant derivative, V x6, of any one-form,
6 € A'(M), is the one-form given by

(Vx0)(Y) = X(0(Y)) — 0(VxY)

Recall from Proposition 11.5 that the covariant derivative, V x6, of any one-form,
6 € A'(M), is the one-form given by

(Vx0)(Y) = X(0(Y)) = 6(VxY)
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so, the Hessian, Hess(f), is also defined by
Hess(f)(X,Y) = (Vxdf)(Y).
Since V is torsion-free, we get
Hess(f)(X,Y) = X(Y(f)) = (VxY)(f) = Y(X(f)) = (Vy X)(f) = Hess(f)(Y; X),
which means that the Hessian is a symmetric (0,2)-tensor. We also have the equation
Hess(f)(X,Y) = (Vxgrad f,Y).
Indeed,

XY (f) = X(df(Y))

X((grad f,Y))

(Vxgrad f,Y) + (grad f, VxY)
= (Vxgrad f,Y) + (VxY)(f)

which yields
(Vx grad f,Y) = X(Y(f)) = (VxY)(f) = Hess(f)(X,Y).

A function, f € C*(M), is convex (resp. strictly conver) iff its Hessian, Hess(f), is
positive semi-definite (resp. positive definite).

By the results of Section 22.16, the inner product, (—, —),, on T,M induces an inner
product on /\k TxM. Therefore, for any two k-forms, w,n € AF(M), we get the smooth
function, (w,n), given by

(W, M)(P) = (Wp, Mp)p-

Furthermore, if M is oriented, then we can apply the results of Section 22.16 so the vector
bundle, T M, is oriented (by giving Ty M the orientation induced by the orientation of T, M,
for every p € M) and for every p € M, we get a Hodge *-operator,

k n—k
w2 NIoM — N\ Ty M.
Then, given any k-form, w € A*(M), we can define *w by

(kw)p = *(wp),  pe M.

We have to check that xw is indeed a smooth form in A"~*(M), but this is not hard to do
in local coordinates (for help, see Morita [114], Chapter 4, Section 1). Therefore, if M is a
Riemannian oriented manifold of dimension n, we have Hodge *-operators,

x: AF(M) — AVF(M).
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Observe that %1 is just the volume form, Vol,;, induced by the metric. Indeed, we know
from Section 22.1 that in local coordinates, x1,...,x,, near p, the metric on Ty M is given
by the inverse, (¢”), of the metric, (g;;), on T,M and by the results of Section 22.16,

1

= y/det(gij) dxy A --- A dx, = Voly.

Proposition 22.25 yields the following;:

Proposition 15.1 If M is a Riemannian oriented manifold of dimension n, then we have
the following properties:

(i) *(fw+gn)=f xw+gxn, for allw,n € A*(M) and all f,g € C®(M).
(ii) % = (—id)*=F),
(iii) w A *n =n A xw = (w,n) Voly, for all w,n € A*(M).
(iv) *(w A *n) = *(n A *w) = (w,n), for all w,n € A*(M).

(v) (xw,*n) = (w,n), for all w,n € A*(M).

Recall that exterior differentiation, d, is a map, d: A*(M) — A*1(M). Using the
Hodge *-operator, we can define an operator, 6: A*(M) — A*~1(M), that will turn out to
be adjoint to d with respect to an inner product on A°*(M).

Definition 15.1 Let M be an oriented Riemannian manifold of dimension n. For any k,
with 1 < k < n, let
§ = (_1>n(k+1)+1 xd* .

Clearly, ¢ is a map, 0: A*(M) — A*1(M), and 6 = 0 on A°(M) = C*>°(M). It is easy
to see that
x0 = (—=1)Fdx, 0% = (=11 xd o05=0.

15.2 The Laplace-Beltrami and Divergence Operators
on Riemannian Manifolds

Using d and 9, we can generalize the Laplacian to an operator on differential forms.
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Definition 15.2 Let M be an oriented Riemannian manifold of dimension n. The Laplace-
Beltrami operator, for short, Laplacian, is the operator, A: A¥(M) — A¥(M), defined by

A =dé + dd.

A form, w € A¥(M), such that Aw = 0 is a harmonic form. In particular, a function,
fe A (M) = C>(M), such that Af = 0 is called a harmonic function.

The Laplacian in Definition 15.2 is also called the Hodge Laplacian.

If M = R™ with the Euclidean metric and f is a smooth function, a laborious computation
yields

2
ox;

Af=-

=1

that is, the usual Laplacian with a negative sign in front (the computation can be found in
Morita [114], Example 4.12 or Jost [83], Chapter 2, Section 2.1). It is also easy to see that
A commutes with *, that is,

Ax = xA.

Given any vector field, X € X(M), its divergence, div X, is defined by
div X = §X".
Now, for a function, f € C*°(M), we have §f =0, so Af = ddf. However,

div(grad f) = 6(grad f)* = 6((df)?)" = odf,
SO
Af = divgrad f,

as in the case of R™.

Remark: Since the definition of § involves two occurrences of the Hodge *-operator, ¢
also makes sense on non-orientable manifolds by using a local definition. Therefore, the
Laplacian, A, also makes sense on non-orientable manifolds.

In the rest of this section, we assume that M is orientable.

The relationship between § and d can be made clearer by introducing an inner product on
forms with compact support. Recall that A¥(M) denotes the space of k-forms with compact
support (an infinite dimensional vector space). For any two k-forms with compact support,
w,n € AF(M), set

@) = [ (o) Volas = [ () 5 ().
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Using Proposition 15.1, we have

(w,n):/<w,n>VolM:/ w/\*n:/ n A *w,
M M M

so it is easy to check that (—, —) is indeed an inner product on k-forms with compact support.
We can extend this inner product to forms with compact support in A%(M) = @, _, A*(M)
by making A"(M) and A%(M) orthogonal if h # k.

Proposition 15.2 If M is an orientable Riemannian manifold, then o is (formally) adjoint
to d, that is,

(dw’ 77) = (w7 577)7

for all k-forms, w,n, with compact support.

Proof. By linearity and orthogonality of the A¥(M) the proof reduces to the case where
w € A=Y M) and n € A¥(M) (both with compact support). By definition of § and the fact

that
*x — (_jd) (k=1)(n—k+1)

for x: A¥Y(M) — A" FH1(M), we have

%0 = (—1)kdx,
and since
dwA*n) = dwA*n+(=DF wAdxn
= dw A *n—w A *0n
we get

/d(w/\*n) = /dw/\*n—/w/\*én
M M M

= (dw777> - (‘%577)

However, by Stokes Theorem (Theorem 9.7),

/ d(w A *n) =0,
M
so (dw,n) — (w,dn) = 0, that is, (dw,n) = (w, dn), as claimed. O

Corollary 15.3 If M is an orientable Riemannian manifold, then the Laplacian, A is self-
adjoint that s,
(Aw,n) = (w, An),

for all k-forms, w,n, with compact support.
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We also obtain the following useful fact:

Proposition 15.4 If M is an orientable Riemannian manifold, then for every k-form, w,
with compact support, Aw = 0 iff dw =0 and dw = 0.

Proof. Since A = dd+dd, is is obvious that if dw = 0 and dw = 0, then Aw = 0. Conversely,
(Aw,w) = ((dd + d0d)w,w) = (déw,w) + (ddw,w) = (dw, dw) + (dw, dw).
Thus, if Aw = 0, then (0w, dw) = (dw, dw) = 0, which implies dw = 0 and dw = 0. O

As a consequence of Proposition 15.4, if M is a connected, orientable, compact Rieman-
nian manifold, then every harmonic function on M is a constant.

For practical reasons, we need a formula for the Laplacian of a function, f € C*°(M), in
local coordinates. If (U, ¢) is a chart near p, as usual, let

o) = 22 o),

where (uy,...,u,) are the coordinate functions in R™. Write |g| = det(g;;), where (g;;) is
the symmetric, positive definite matrix giving the metric in the chart (U, ¢).

Proposition 15.5 If M is an orientable Riemannian manifold, then for every local chart,
(U, ), for every function, f € C>°(M), we have

_ 1 0 i OF
ey )

Proof. We follow Jost [83], Chapter 2, Section 1. Pick any function, h € C*°(M), with
compact support. We have
[ @pr=a) = @rn
M

(
(0df, h)
= (df,dh)

— [ aran <)
- [ Teso
= /Z\/’?%( !g!g’jgxl) * (1),

where we have used integration by parts in the last line. Since the above equation holds for
all h, we get our result. (]
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It turns out that in a Riemannian manifold, the divergence of a vector field and the
Laplacian of a function can be given a definition that uses the covariant derivative (see
Chapter 11, Section 11.1) instead of the Hodge #-operator. For the sake of completeness,
we present this alternate definition which is the one used in Gallot, Hulin and Lafontaine
[60] (Chapter 4) and O’Neill [119] (Chapter 3). If V is the Levi-Civita connection induced
by the Riemannian metric, then the divergence of a vector field, X € X(M), is the function,
div X: M — R, defined so that

(div X)(p) = tr(Y(p) = (=Vy X)),

namely, for every p, (div X)(p) is the trace of the linear map, Y (p) — (—VyX),. Of course,
for any function, f € C*°(M), we define Af by

Af = divgrad f.

Observe that the above definition of the divergence (and of the Laplacian) makes sense
even if M is non-orientable. For orientable manifolds, the equivalence of this new definition
of the divergence with our definition is proved in Petersen [121], see Chapter 3, Proposition
31. The main reason is that

LX VOlM = —(diV X)VOlM

and by Cartan’s Formula (Proposition 8.15), Lx = i(X)od+doi(X), as dVoly; = 0, we get
(div X') Vol = —d(i(X)Voly).
The above formulae also holds for a local volume form (i.e. for a volume form on a local

chart).

The operator, §: A'(M) — A°(M), can also be defined in terms of the covariant deriva-
tive (see Gallot, Hulin and Lafontaine [60], Chapter 4). For any one-form, w € A*(M), recall
that

(Vxw)(Y) = X(w(Y)) —w(VxY).

Then, it turns out that
ow = —trVw,

where the trace should be interpreted as the trace of the R-bilinear map, X, Y — (Vxw)(Y),
as in Chapter 22, see Proposition 22.2. This means that in any chart, (U, ¢),

n

b = — 3 (Ve w)(E),

=1

for any orthonormal frame field, (E4,..., E,) over U. It can be shown that

6(fdf) = FAS — (grad f, grad f),
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and, as a consequence,
(Af, ) = / (grad £, grad f)Voly,,
M

for any orientable, compact manifold, M.

Since the proof of the next proposition is quite technical, we omit the proof.

Proposition 15.6 If M is an orientable and compact Riemannian manifold, then for every
vector field, X € X(M), we have
div X = §X".

Consequently, for the Laplacian, we have

Af = ddf = divgrad f.

Remark: Some authors omit the negative sign in the definition of the divergence, that is,
they define
(div X)(p) = tr(Y(p) — (VyX),).

Here is a frequently used corollary of Proposition 15.6:

Proposition 15.7 (Green’s Formula) If M is an orientable and compact Riemannian man-
ifold without boundary, then for every vector field, X € X(M), we have

/ (div X) Voly, = 0.
M

Proofs of proposition 15.7 can be found in Gallot, Hulin and Lafontaine [60] (Chapter 4,
Proposition 4.9) and Helgason [72] (Chapter 2, Section 2.4).

There is a generalization of the formula expressing dw over an orthonormal frame, Fy, .. .,
E,, for a one-form, w, that applies to any differential form. In fact, there are formulae
expressing both d and § over an orthornormal frame and its coframe and these are of-
ten handy in proofs. Recall that for every vector field, X € X(M), the interior product,
i(X): AMYM) — A*(M), is defined by

(((X)w)(Y1,.. ., V) =w(X, Y,... Y,
for all Yy,...,Y, € X(M).
Proposition 15.8 Let M be a compact, orientable, Riemannian manifold. For every p €

M, for every local chart, (U, ), withp € M, if (E,...,E,) is an orthonormal frame over
U and (6, ...,0,) is its dual coframe, then for every k-form, w € A¥(M), we have:

do = Y 0:AVpw

ow = — Z i(E;)Vgw.
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A proof of Proposition 15.8 can be found in Petersen [121] (Chapter 7, proposition 37)
or Jost [83] (Chapter 3, Lemma 3.3.4). When w is a one-form, dw, is just a number and

indeed,
n

ow = — ZZ(Ez)VEzw = - Z(VEW)(Ez)a

i=1 =1

as stated earlier.

15.3 Harmonic Forms, the Hodge Theorem, Poincaré
Duality

Let us now assume that M is orientable and compact.

Definition 15.3 Let M be an orientable and compact Riemannian manifold of dimension
n. For every k, with 0 < k < n, let

H"(M) = {w € A"(M) | Aw = 0},
the space of harmonic k-forms.

The following proposition is left as an easy exercise:

Proposition 15.9 Let M be an orientable and compact Riemannian manifold of dimension
n. The Laplacian commutes with the Hodge x-operator and we have a linear map,

w: HF (M) — H**(M).

One of the deepest and most important theorems about manifolds is the Hodge decom-
position theorem which we now state.

Theorem 15.10 (Hodge Decomposition Theorem) Let M be an orientable and compact Rie-
mannian manifold of dimension n. For every k, with 0 < k < n, the space, HE(M), is finite
dimensional and we have the following orthogonal direct sum decomposition of the space of
k-forms:

AR(M) = H¥(M) @ d(A*Y(M)) @ 6(AM(M)).

The proof of Theorem 15.10 involves a lot of analysis and it is long and complicated. A
complete proof can be found in Warner [147], Chapter 6. Other treatments of Hodge theory
can be found in Morita [114] (Chapter 4) and Jost [83] (Chapter 2).

The Hodge Decomposition Theorem has a number of important corollaries, one of which
is Hodge Theorem:
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Theorem 15.11 (Hodge Theorem) Let M be an orientable and compact Riemannian man-
ifold of dimension n. For every k, with 0 < k < n, there is an isomorphism between HF(M)
and the de Rham cohomology vector space, HEx(M):

Hlyy (M) = H* (M),

Proof. Since by Proposition 15.4, every harmonic form, w € HF(M), is closed, we get a
linear map from H*(M) to HER (M) by assigning its cohomology class, [w], to w. This map
is injective. Indeed if [w] = 0 for some w € H*(M), then w = dn, for some n € A*1(M) so

(w,w) = (dn,w) = (n, dw).
But, as w € H¥(M) we have dw = 0 by Proposition 15.4, so (w,w) = 0, that is, w = 0.

Our map is also surjective, this is the hard part of Hodge Theorem. By the Hodge
Decomposition Theorem, for every closed form, w € A*¥(M), we can write

w=wy +dn+ 40,

with wy € HFY(M), n € A*=Y(M) and § € A*1(M). Since w is closed and wy € HE(M), we
have dw = 0 and dwy = 0, thus
déd =0

and so

0 = (88, 0) = (50,50),

that is, 6 = 0. Therefore, w = wy + dn, which implies [w] = [wg], with wy € HF(M),
proving the surjectivity of our map. [J

The Hodge Theorem also implies the Poincaré Duality Theorem. If M is a compact,
orientable, n-dimensional smooth manifold, for each k, with 0 < k < n, we define a bilinear

map,
((==)): Hpp(M) x HEg"(M) — R,

by setting

(Wl D)) = /M w AT

We need to check that this definition does not depend on the choice of closed forms in the
cohomology classes [w] and [n]. However, as dw = dn = 0, we have

dlaAn+ (-DfFuAB+andd)=daAn+wAdB+daAdp,

so by Stokes” Theorem,

/M(w—l—da)/\(n—f—dﬂ) = /Mw/\n—i—/Md(oz/\n+(—1)kw/\ﬂ+oz/\d/3)

= / wA.
M
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Theorem 15.12 (Poincaré Duality) If M is a compact, orientable, smooth manifold of
dimension n, then the bilinear map

(= =)+ Hpp(M) x Hpp" (M) — R
defined above is a nondegenerate pairing and hence, yields an isomorphism

Hpg (M) = (Hpp"(M))".

Proof. Pick any Riemannian metric on M. It is enough to show that for every nonzero
cohomology class, [w] € HER (M), there is some [n] € Hiz"(M) such that

(], b)) Z/Mw/\nséo.

By Hodge Theorem, we may assume that w is a nonzero harmonic form. By Proposition
15.9, n = *w is also harmonic and n € H"*(M). Then, we get

(w.w) = /M w A sw = () 1))

and indeed, (([w],[n])) # 0, since w # 0. O

15.4 The Connection Laplacian, Weitzenbock Formula
and the Bochner Technique

If M is compact, orientable, Riemannian manifold, then the inner product, (—, —),, on T, M
(with p € M) induces an inner product on differential forms, as we explained in Section 15.2.
We also get an inner product on vector fields if, for any two vector field, X,Y € X(M), we
define (X,Y") by

(X,Y) = / (X,Y) Voly,
M
where (X,Y) is the function defined pointwise by

(X, Y)(p) = (X(0),Y(P)p

Using Proposition 11.5, we can define the covariant derivative, V yw, of any k-form,
w € A*(M), as the k-form given by

(Vxw)(Yi,.. Ye) = X(w(Vi, ..., Y2) = Y _w(i,..., VxYj,. . Vh).

Jj=1
We can view V as linear map,

V: AR(M) — Homeee(an) (X(M), AF(M)),
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where Vw is the C*°(M)-linear map, X + Vxw. The inner product on A*(M) allows us to
define the (formal) adjoint, V*, of V, as a linear map

V*: Homee () (X (M), A*(M)) — A¥(M).
For any linear map, A € Homee () (X(M), A*(M)), let A* be the adjoint of A defined by
(AX,0) = (X, A%9),

for all vector fields X € X(M) and all k-forms, § € A*(M). It can be verified that A* €
Homeeo(ar)(A*(M), 2(M)). Then, given A, B € Homeeo ) (X(M), A*(M)), the expression
tr(A*B) is a smooth function on M and it can be verified that

(A, BY = tr(A*B)

defines a non-degenerate pairing on Homeee(ar)(X(M), A*(M)). Using this pairing we obtain
the (R-valued) inner product on Homeee(ar)(X(M), A*(M)) given by

(A,B):/Mtr(A*B)VolM.

Using all this, the (formal) adjoint, V*, of V: A*(M) — Homeee(ar)(X(M), A*(M)) is the
linear map, V*: Homeeo () (X(M), A¥(M)) — A¥(M), defined implicitly by

(V*A,w) = (A, Vw),
that is,
/ (V*A,w) Voly, = / (A, Vw) Voly,
M M
for all A € Homeoo () (X(M), A*(M)) and all w € A*(M).

g% The notation V* for the adjoint of V should not be confused with the dual connection
on T*M of a connection, V, on T'M! Here, V denotes the connection on A4*(M) induced
by the orginal connection, V, on T'M. The argument type (differential form or vector field)
should make it clear which V is intended but it might have been better to use a notation
such as V' instead of V*.

What we just did also applies to A*(M) = @,_, A*(M) (where dim(M) = n) and so we
can view the connection, V, as a linear map, V: A*(M) — Homee(an) (X(M), A*(M)) and
its adjoint as a linear map, V*: Homeeo(ap)(X(M), A*(M)) — A*(M).

Definition 15.4 Given a compact, orientable, Riemannian manifold, M, the connection
Laplacian (or Bochner Laplacian), V*V, is defined as the composition of the connection,
Vi A*(M) — Homee (ar) (X(M), A*(M)), with its adjoint,

V*: Homeeo (ar) (X(M), A*(M)) = A*(M), as defined above.
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Observe that

(V*'Vw,w) = (Vw,Vw) = / (Vw, Vw) Volyy,
M

for all w € A*(M). Consequently, the “harmonic forms”, w, with respect to V*V must
satisfy
Vw =0,

but this condition is not equivalent to the harmonicity of w with respect to the Hodge
Laplacian. Thus, in general, V*V and A are different operators. The relationship between
the two is given by formulae involving contractions of the curvature tensor and known as
Weitzenbock formulae. We will state such a formula in case of one-forms later on. But first,
we can give another definition of the connection Laplacian using second covariant derivatives
of forms. Given any k-form, w € A*(M), for any two vector fields, X,Y € X(M), we define
V%{,YW by
Vg(,yw = VX (Vyw) - VVwa.

Given any local chart, (U, ), and given any orthormal frame, (Fy,..., E,), over U, we can
take the trace, tr(V°w), of VX yw, defined by

tr(Viw) = Z \ Nl
i=1
It is easily seen that tr(V?w) does not depend on the choice of local chart and orthonormal
frame.

Proposition 15.13 If is M a compact, orientable, Riemannian manifold, then the connec-
tion Laplacian, V*V, is given by

V*Vw = —tr(Viw),
for all differential forms, w € A*(M).

The proof of Proposition 15.13, which is quite technical, can be found in Petersen [121]
(Chapter 7, Proposition 34).

We are now ready to prove the Weitzenbock formulae for one-forms.

Theorem 15.14 (Weitzenbock-Bochner Formula) If is M a compact, orientable, Rieman-
nian manifold, then for every one-form, w € AY(M), we have

Aw = V*Vw + Ric(w),
where Ric(w) is the one-form given by
Ric(w)(X) = w(Ric* (X)),

where Ric* is the Ricci curvature viewed as a (1,1)-tensor (that is, (Ric*(u),v), = Ric(u,v),
for all u,v € T,M and allp € M ).



15.4. THE CONNECTION LAPLACIAN AND THE BOCHNER TECHNIQUE 453

Proof. For any p € M, pick any normal local chart, (U, ), with p € U, and pick any
orthonormal frame, (E\,..., E,), over U. Because (U, ) is a normal chart, at p, we have
(Vg,Ej), = 0 for all i, j. Recall from the discussion at the end of Section 15.2 that for every

one-form, w, we have
= — E VElw(E
i

and so

dow = = VxVew(E).
Also recall that
dw(X,Y) = Vxw(Y) — Vyw(X),

and using Proposition 15.8 we can show that

ddw(X Z Vi Vew(X)+ ) Ve Vxw(E).

Thus, we get

Aw(X) = — Z Vi, VewX) + Z (Vg Vx — Vx Vi, )w(E;)
= V'Vw(X) + Zw EZ,X i)

= V'Vw(X)+ w(Rlc (X)),

using the fact that (Vg E;), = 0 for all 4,5 and using Proposition 13.2 and Proposition
15.13. O

For simplicity of notation, we will write Ric(u) for Ric*(u). There should be no confusion
since Ric(u, v) denotes the Ricci curvature, a (0, 2)-tensor. There is another way to express
Ric(w) which will be useful in the proof of the next theorem. Observe that

Ric(w)(Z) = w(Ric(Z2))
= (W Ric(2))
= (Ric(2),w")
= Ric(Z,w")
= Ric(w?, 2)
= (Ric(w), Z)
= (Ric(w))'(2),

and thus,

Ric(w)(Z) = (Ric(w))’(2).
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Consequently the Weitzenbock formula can be written as
Aw = V*'Vw + (Ric(w?))’.
The Weitzenbock—Bochner Formula implies the following theorem due to Bochner:

Theorem 15.15 (Bochner) If M is a compact, orientable, connected Riemannian manifold,
then the following properties hold:

(1) If the Ricci curvature is non-negative, that is Ric(u,u) > 0 for all p € M and all
u € T,M and if Ric(u,u) > 0 for some p € M and all u € T,M, then Hjz M = (0).

(ii) If the Ricci curvature is non-negative, then Vw = 0 for all w € A*(M) and
dim H gz M < dim M.

Proof. (i) Assume H\zM # (0). Then, by the Hodge Theorem, there is some nonzero
harmonic one-form, w. The Weitzenbock—Bochner Formula implies that

(Aw,w) = (V*'Vw,w) + ((Ric(w?))’, w).
Since Aw = 0, we get
0 = (V'Vw,w) + ((Ric(w))”,w)
= (Vw,Vw)+ [ ((Ric(w")’,w) Voly,

M

= (Vw,Vw) —|—/ (Ric(w VolM
M

= (Vw,Vw)—i—/ Ric(w?, w*) Volyy.
M

However, (Vw,Vw) > 0 and by the assumption on the Ricci curvature, the integrand is
nonnegative and strictly positive at some point, so the integral is strictly positive, a contra-
diction.

(ii) Again, for any one-form, w, we have
(Aw,w) = (Vw, Vw) +/ Ric(w?, w*) Voly,
M

and so, if the Ricci curvature is non-negative, Aw = 0 iff Vw = 0. This means that w is
invariant by parallel transport (see Section 11.3) and thus, w is completely determined by
its value, w,, at some point, p € M, so there is an injection, H' (M) — T M, which implies
that dim Hig M = dimH(M) < dim M. O

There is a version of the Weitzenbock formula for p-forms but it involves a more com-
plicated curvature term and its proof is also more complicated. The Bochner technique can
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also be generalized in various ways, in particular, to spin manifolds, but these considerations
are beyond the scope of these notes. Let me just say that Weitzenbock formulae involving
the Dirac operator play an important role in physics and 4-manifold geometry. We refer the
interested reader to Gallot, Hulin and Lafontaine [60] (Chapter 4) Petersen [121] (Chapter
7), Jost [83] (Chaper 3) and Berger [16] (Section 15.6) for more details on Weitzenbock
formulae and the Bochner technique.
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Chapter 16

Spherical Harmonics and Linear
Representations of Lie Groups

16.1 Introduction, Spherical Harmonics on the Circle

In this chapter, we discuss spherical harmonics and take a glimpse at the linear representa-
tion of Lie groups. Spherical harmonics on the sphere, S?, have interesting applications in
computer graphics and computer vision so this material is not only important for theoretical
reasons but also for practical reasons.

Joseph Fourier (1768-1830) invented Fourier series in order to solve the heat equation
[55]. Using Fourier series, every square-integrable periodic function, f, (of period 27) can
be expressed uniquely as the sum of a power series of the form

f(0) =ao+ Z(ak cos k + by, cos k),

k=1

where the Fourier coefficients, ay, by, of f are given by the formulae
1 [" 1 [7 1 [7 ,
ap = —/ f(0)do, a,= —/ f(0)coskOdlh, b= —/ f(0)sin k6 do,
2 ). - T J)_

for k > 1. The reader will find the above formulae in Fourier’s famous book [55] in Chapter
III, Section 233, page 256, essentially using the notation that we use nowdays.

This remarkable discovery has many theoretical and practical applications in physics,
signal processing, engineering, etc. We can describe Fourier series in a more conceptual
manner if we introduce the following inner product on square-integrable functions:

(f. ) = / " 1(0)9(0) db,
45

7
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which we will also denote by
()= [ £0)90) 0,

where S' denotes the unit circle. After all, periodic functions of (period 27) can be viewed
as functions on the circle. With this inner product, the space L?(S') is a complete normed
vector space, that is, a Hilbert space. Furthermore, if we define the subspaces, Hy(S'),
of L?(S'), so that Hy(S') (= R) is the set of constant functions and Hy(S') is the two-
dimensional space spanned by the functions cos kf and sin k6, then it turns out that we have
a Hilbert sum decomposition

L*(S") = P Hx(S")

into pairwise orthogonal subspaces, where |J;~, Hx(S') is dense in L*(S'). The functions
cos k6 and sin k6 are also orthogonal in Hy(S*).

Now, it turns out that the spaces, H;(S'), arise naturally when we look for homoge-
neous solutions of the Laplace equation, Af = 0, in R? (Pierre-Simon Laplace, 1749-1827).
Roughly speaking, a homogeneous function in R? is a function that can be expressed in polar
coordinates, (r,0), as

f(r,0) =1*9(6).
Recall that the Laplacian on R? expressed in cartesian coordinates, (x,y), is given by

0*f  O*f

A= oy

where f: R? — R is a function which is at least of class C%. In polar coordinates, (r,@),
where (z,y) = (rcosf,rsinf) and r > 0, the Laplacian is given by

10 [ of 1 0%f
Af=-2 (2 29T
/ ror (T&‘) * r2 002

If we restrict f to the unit circle, S1, then the Laplacian on S! is given by
0 f

Aslf — w

It turns out that the space Hy(S) is the eigenspace of Agi for the eigenvalue —k?.

To show this, we consider another question, namely, what are the harmonic functions on
R2, that is, the functions, f, that are solutions of the Laplace equation,

Af =0.

Our ancestors had the idea that the above equation can be solved by separation of variables.
This means that we write f(r,0) = F(r)g(0) , where F(r) and g(#) are independent functions.
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To make things easier, let us assume that F'(r) = r*, for some integer k > 0, which means that
we assume that f is a homogeneous function of degree k. Recall that a function, f: R? — R,
is homogeneous of degree k iff

f(to, ty) = t" f(z,y) for all ¢t > 0.

Now, using the Laplacian in polar coordinates, we get

10 ([ 00tg(0) | 1 9(tg(6))
A=y (a— TE T e
10 . L0 0%g
= o o) g
_ _,0%
— k22 4k 2%

= "2(Kg + Aqrg).
Thus, we deduce that
Af=0 iff Agqg=—k%g,
that is, g is an eigenfunction of Ag: for the eigenvalue —k?. But, the above equation is

equivalent to the second-order differential equation

g

2 _
whose general solution is given by

g(0) = a, cos kO + by, sin k0.

In summary, we found that the integers, 0, —1, —4, —9,..., —k?,... are eigenvalues of Ag:
and that the functions coskf and sinkf are eigenfunctions for the eigenvalue —k?, with
k > 0. So, it looks like the dimension of the eigenspace corresponding to the eigenvalue —k?
is 1 when £ =0 and 2 when k£ > 1.

It can indeed be shown that Ag: has no other eigenvalues and that the dimensions claimed
for the eigenspaces are correct. Observe that if we go back to our homogeneous harmonic
functions, f(r,0) = r*g(f), we see that this space is spanned by the functions

up = r¥coskf, v, =1rFsink6.

Now, (z +iy)* = r*(cos kf + i sin k@), and since R(z + iy)* and S(x + iy)* are homogeneous
polynomials, we see that u; and v, are homogeneous polynomials called harmonic polyno-
mials. For example, here is a list of a basis for the harmonic polynomials (in two variables)
of degree k =0,1,2, 3, 4:

k=0 1

k=1 x, y

k=2 22— 2y

k=3 x> — 3xy?, 32ty — 1

k=4 ot — 622y + ot 2Py — 2P
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Therefore, the eigenfunctions of the Laplacian on S! are the restrictions of the harmonic
polynomials on R? to S and we have a Hilbert sum decomposition, L*(S') = @,~, Hr(S').
It turns out that this phenomenon generalizes to the sphere S® C R*! for all n > 1.

Let us take a look at next case, n = 2.

16.2 Spherical Harmonics on the 2-Sphere

The material of section is very classical and can be found in many places, for example An-
drews, Askey and Roy [2] (Chapter 9), Sansone [132] (Chapter IIT), Hochstadt [78] (Chapter
6) and Lebedev [97] (Chapter ). We recommend the exposition in Lebedev [97] because we
find it particularly clear and uncluttered. We have also borrowed heavily from some lecture
notes by Hermann Gluck for a course he offered in 1997-1998.

Our goal is to find the homogeneous solutions of the Laplace equation, Af = 0, in R?,
and to show that they correspond to spaces, H(S?), of eigenfunctions of the Laplacian, Ags,
on the 2-sphere,

S ={(r,y,2) eR® | 2* +y* + 2* = 1}.

Then, the spaces Hy(S?) will give us a Hilbert sum decomposition of the Hilbert space,
L?(S?), of square-integrable functions on S2. This is the generalization of Fourier series to
the 2-sphere and the functions in the spaces H(S5?) are called spherical harmonics.

The Laplacian in ]Rg is of course given by
82 ] 82 / 62

Af= ox2  Oy2 022

If we use spherical coordinates

= rsinfcosp
= rsinfsinyp

z = rcosb,

in R®, where 0 < 0 <7, 0 < ¢ < 2 and r > 0 (recall that ¢ is the so-called azimuthal angle
in the xy-plane originating at the x-axis and € is the so-called polar angle from the z-axis,
angle defined in the plane obtained by rotating the zz-plane around the z-axis by the angle
©), then the Laplacian in spherical coordinates is given by

L8 () o

where

19 of 1 02
As2f = 8_ (Sln0%> -+ Sin200_§02’
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is the Laplacian on the sphere, S? (for example, see Lebedev [97], Chapter 8 or Section 16.3,
where we derive this formula). Let us look for homogeneous harmonic functions,
f(r,0,0) =1r%g(0, ), on R3, that is, solutions of the Laplace equation

Af=0.

We get

10 [ ,0(r"g) 1 &

Af = ﬁ& <7" ar + T_QASZ(T g)
19 k+1 k—2

= 33 (kr + g) + 1" Ag2g

= r"Pk(k+1)g +r**Agg

= " 2(k(k+1)g + Ag2g).
Therefore,

Af=0 iff Agg=—k(k+1)g,
that is, ¢ is an eigenfunction of Ag2 for the eigenvalue —k(k + 1).

We can look for solutions of the above equation using the separation of variables method.
If we let g(0, ) = O(0)P(p), then we get the equation

o 0 00 0 0°®
sin 6 90 (sm 8%) T e sin? 0 330 —kk+1)0¢,

that is, dividing by ©® and multiplying by sin® 6,

sinf 0 00 1 0*®
5 99 (sm€%) + k(k+1)sin? 6 = 3o

Since © and ¢ are independent functions, the above is possible only if both sides are equal
to a constant, say p. This leads to two equations

82

— O =0

0p? T

sinf 0 00 . 9

5 %(Sln0%)+k(/€+1)sm 0—pn=0.

However, we want ® to be a periodic in ¢ since we are considering functions on the sphere,
so ;1 be must of the form p = m?, for some non-negative integer, m. Then, we know that
the space of solutions of the equation

0?P

— 2p=0
052 +m
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is two-dimensional and is spanned by the two functions
d(p) = cosmep, O(p) = sinmep.
We still have to solve the equation

., 0 (. 00 . 9 2ng
SIIIQ% (smﬁﬁ) + (k(k + 1)sin“ 0 —m*)© = 0,

which is equivalent to
sin® 0 ©” + sinf cos 0 O + (k(k + 1) sin* 0 — m*)© = 0.

a variant of Legendre’s equation. For this, we use the change of variable, t = cosf, and we
consider the function, wu, given by u(cosf#) = ©(0) (recall that 0 < 6 < 7), so we get the
second-order differential equation

(1— 2 — 2t + (k(k+1) — LA P
1—t2)

sometimes called the general Legendre equation (Adrien-Marie Legendre, 1752-1833). The
trick to solve this equation is to make the substitution

u(t) = (1—1)2(t),

see Lebedev [97], Chapter 7, Section 7.12. Then, we get

m
2

(1—)9" —2(m+ Dt + (k(k+1) —m(m +1))v = 0.
When m = 0, we get the Legendre equation:
(1 —t*W" — 2t + k(k + 1)v = 0,

see Lebedev [97], Chapter 7, Section 7.3. This equation has two fundamental solution, Py(t)
and Qg (), called the Legendre functions of the first and second kinds. The Py(t) are actually
polynomials and the Q(t) are given by power series that diverge for t = 1, so we only keep
the Legendre polynomials, Py(t). The Legendre polynomials can be defined in various ways.
One definition is in terms of Rodrigues’ formula:

1 d°

2"n!dtn( )"

Pu(t)

see Lebedev [97], Chapter 4, Section 4.2. In this version of the Legendre polynomials they
are normalized so that P, (1) = 1. There is also the following recurrence relation:

P, =1
P =t
(n+1)P1 = (2n+ tP, —nP,_ n>1,
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see Lebedev [97], Chapter 4, Section 4.3. For example, the first six Legendre polynomials

are:
1
t
1
5(3752 —1)
1 3
5(515 — 3t)
1
§(35t4 — 30t* + 3)
1

g(63t5 — 70t* + 15¢).
Let us now return to our differential equation
(1 =" = 2(m + Dt + (k(k + 1) —m(m + 1))v = 0. (%)
Observe that if we differentiate with respect to ¢, we get the equation
(1=t —2(m+2)tv" + (k(k+1) — (m + 1)(m + 2))v' = 0.
This shows that if v is a solution of our equation (x) for given k and m, then ¢ is a solution
of the same equation for k& and m + 1. Thus, if Py(t) solves (x) for given k and m = 0, then

P/(t) solves (x) for the same k and m = 1, P//(t) solves (x) for the same k and m = 2, and
in general, d™/dt™ (P (t)) solves (%) for k and m. Therefore, our original equation,

(1— )" — 2t + (k(k +1) - 17;) u=0 (1)

has the solution p
t)=(1-1t3)7 P.(t)).
u(t) = (1= )3 5 (Py(t)

The function u(t) is traditionally denoted P["(t) and called an associated Legendre function,
see Lebedev [97], Chapter 7, Section 7.12. The index k is often called the band index.
Obviously, P/"(t) = 0 if m > k and P{(t) = Py(t), the Legendre polynomial of degree k.
An associated Legendre function is not a polynomial in general and because of the factor
(1 — %)% it is only defined on the closed interval [—1, 1].

@ Certain authors add the factor (—1)™ in front of the expression for the associated Leg-
endre function P"(t), as in Lebedev [97], Chapter 7, Section 7.12, see also footnote 29
on page 193. This seems to be common practice in the quantum mechanics literature where
it is called the Condon Shortley phase factor.
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The associated Legendre functions satisfy various recurrence relations that allows us to
compute them. For example, for fixed m > 0, we have (see Lebedev [97], Chapter 7, Section
7.12) the recurrence

(k=—m+ 1P (t) = 2k + 1)tR(t) — (k+m)P" (1), Ek>1
and for fixed k£ > 2 we have

2 1)t
(L) = MPZ‘“@) +(k—=m)(k+m+1)P"t), 0<m<k-2

(- 1)}
which can also be used to compute P starting from

P)(t) = Py(t)
) B kt B k
Pl(t) = —(t2 ) Py(t) —(t2 ) P (t).

Observe that the recurrence relation for m fixed yields the following equation for £ = m
(as P, =0):
P (t) = (2m + 1)tP(t).

It it also easy to see that
2m)!
Py = oy g

- 9mp)

m
2

Observe that
(2m)!

2mn

an expression that is sometimes denoted (2m — 1)!! and called the double factorial.

=2m-1)2m—-3)---5-3-1,

?P Beware that some papers in computer graphics adopt the definition of associated Legen-
dre functions with the scale factor (—1)™ added so this factor is present in these papers,
for example, Green [64].

The equation above allows us to “lift” P to the higher band m + 1. The computer
graphics community (see Green [64]) uses the following three rules to compute P/ (t) where
0<m<k:

(1) Compute

P = ol 1 - 2)

If m = k, stop. Otherwise do step 2 once:

(2) Compute P (1) = (2m+ 1)tP7(t). If k =m+ 1, stop. Otherwise, iterate step 3:
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(3) Starting from ¢ = m + 1, compute
(i —m+ 1P (1) = (20 + 1P (t) — (1 +m) BT (1)

until 1 + 1 = k.

If we recall that equation (}) was obtained from the equation
sin 0 ©” + sinf cos 0 O + (k(k + 1)sin? 0 — m?)© = 0
using the substitution u(cos ) = ©(f), we see that
O(0) = P;"*(cos )

is a solution of the above equation. Putting everything together, as f(r, 8, ¢) = r*0(0)®(y),
we proved that the homogeneous functions,

f(r,0,p) = r* cosme P"(cos ), f(r,0,0) =r*sinme P"(cosf),
are solutions of the Laplacian, A, in R3, and that the functions
cosmp P (cosB), sinmy P} (cos 0),

are eigenfunctions of the Laplacian, Agz, on the sphere for the eigenvalue —k(k + 1). For k
fixed, as 0 < m < k, we get 2k + 1 linearly independent functions.

The notation for the above functions varies quite a bit essentially because of the choice
of normalization factors used in various fields (such as physics, seismology, geodesy, spectral
analysis, magnetics, quantum mechanics etc.). We will adopt the notation y;", where [ is a
nonnegative integer but m is allowed to be negative, with — < m < [. Thus, we set

NP Py(cos0) iftm=0
Y™ (0, ¢) = { V2N cosmp P™(cos 6) ifm>0
V2N sin(—me) PT™(cos0) if m < 0

for 1 =0,1,2,..., and where the N;" are scaling factors. In physics and computer graphics,

N;™ is chosen to be
m 2L+ 1)(I — |m|)!
Nl — .
A (1 + |m|)!

The functions y;" are called the real spherical harmonics of degree | and order m. The index
[ is called the band index.

The functions, y;”, have some very nice properties but to explain these we need to recall
the Hilbert space structure of the space, L*(S?), of square-integrable functions on the sphere.
Recall that we have an inner product on L?(S?) given by

27 T
— Qy = 0,0)g(0, ©) sin 0dOd,
(f.9) SQfg 2 /O /Of( ©)g(0, ) sin OdOdyp
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where f,g € L?(S?) and where Q5 is the volume form on S? (induced by the metric on
R3). With this inner product, L?(S?) is a complete normed vector space using the norm,
£l = \/(f, f), associated with this inner product, that is, L*(S?) is a Hilbert space. Now,
it can be shown that the Laplacian, Ag2, on the sphere is a self-adjoint linear operator with
respect to this inner product. As the functions, y;™ and y,)* with [} # I, are eigenfunctions
corresponding to distinct eigenvalues (—{1(l; + 1) and —l5(lo + 1)), they are orthogonal, that
is,
<yl7?1>yl7:2>:07 if l17£12-

It is also not hard to show that for a fixed [,

<ylm17ylm2> = 5m1,m27

that is, the functions y" with —/ < m < [ form an orthonormal system and we denote
by H;(S?%) the (21 + 1)-dimensional space spanned by these functions. It turns out that
the functions y;" form a basis of the eigenspace, Ej, of Ag2 associated with the eigenvalue
—I(I+1) so that F; = H;(S5?) and that Ag has no other eigenvalues. More is true. It turns
out that L?(S?) is the orthogonal Hilbert sum of the eigenspaces, H;(S5?). This means that
the H,(S?) are

(1) mutually orthogonal
(2) closed, and

(3) The space L*(S5?) is the Hilbert sum, @0,°, H;(S5?), which means that for every function,
f € L*(5?), there is a unique sequence of spherical harmonics, f; € H;(S?), so that

F=>h
=0

that is, the sequence Zé‘:o f;, converges to f (in the norm on L?(S?)). Observe that
each f; is a unique linear combination, f; = Zml A1 Yy

Therefore, (3) gives us a Fourier decomposition on the sphere generalizing the familiar
Fourier decomposition on the circle. Furthermore, the Fourier coefficients, a,,;, can be
computed using the fact that the y;* form an orthonormal Hilbert basis:

Am, 1 = <f7ylml>

We also have the corresponding homogeneous harmonic functions, H;"(r,6,¢), on R?
given by
H™(r.0,0) = 'y (0, ).
If one starts computing explicity the H;" for small values of [ and m, one finds that it is
always possible to express these functions in terms of the cartesian coordinates x,y, z as
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homogeneous polynomials! This remarkable fact holds in general: The eigenfunctions of
the Laplacian, Ag2, and thus, the spherical harmonics, are the restrictions of homogeneous
harmonic polynomials in R?. Here is a list of bases of the homogeneous harmonic polynomials
of degree k in three variables up to k = 4 (thanks to Herman Gluck):

k=20 1

k=1 x, Y, 2

k=2 w2 —y?, a® — 22 ay, vz, yz

k=3 23 — 3xy?, 322y — P, 2® — 3222, 32?2 — 2P,

y® — 3y2?, 3ytr — 22, ayz
k=4 at — 6%y + yt, 2t — 6222 + 24, yt — 69722 + 2,
3

2y — xyd, Py — a3, yPe —y,

3x%yz —y2?, 3wytz — x2®, 3wy — 2Py

Subsequent sections will be devoted to a proof of the important facts stated earlier.

16.3 The Laplace-Beltrami Operator

In order to define rigorously the Laplacian on the sphere, S® C R™"! and establish its
relationship with the Laplacian on R"*! we need the definition of the Laplacian on a Rie-
mannian manifold, (M, g), the Laplace-Beltrami operator, as defined in Section 15.2 (Eugenio
Beltrami, 1835-1900). In that section, the Laplace-Beltrami operator is defined as an opera-
tor on differential forms but a more direct definition can be given for the Laplacian-Beltrami
operator on functions (using the covariant derivative, see the paragraph preceding Proposi-
tion 15.6). For the benefit of the reader who may not have read Section 15.2, we present
this definition of the divergence again.

Recall that a Riemannian metric, g, on a manifold, M, is a smooth family of inner
products, g = (g,), where g, is an inner product on the tangent space, T,M, for every
p € M. The inner product, g,, on T,M, establishes a canonical duality between T, M
and Ty M, namely, we have the isomorphism, b: T,M — T>M, defined such that for every
u € T,M, the linear form, e Ty M, is given by

w(v) = g,(u,v), veT,M.

The inverse isomorphism, §: T>M — T,M, is defined such that for every w € T M, the
vector, w, is the unique vector in T,M so that

gp(wﬁ,v) = w(v), veT,M.

The isomorphisms b and f induce isomorphisms between vector fields, X € X(M), and one-
forms, w € A'(M). In particular, for every smooth function, f € C°°(M), the vector field
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corresponding to the one-form, df, is the gradient, grad f, of f. The gradient of f is uniquely
determined by the condition

gp((grad f),,v) = df,(v), veT,M,pe M.

If Vx is the covariant derivative associated with the Levi-Civita connection induced by the
metric, g, then the divergence of a vector field, X € X(M), is the function, div X: M — R,
defined so that

(div X)(p) = tr(Y (p) = (V3 X),),

namely, for every p, (div X)(p) is the trace of the linear map, Y (p) — (VyX),. Then, the
Laplace-Beltrami operator, for short, Laplacian, is the linear operator,
A: C®(M) — C>®(M), given by

Af = divgrad f.

Observe that the definition just given differs from the definition given in Section 15.2 by
a negative sign. We adopted this sign convention to conform with most of the literature on
spherical harmonics (where the negative sign is omitted). A consequence of this choice is
that the eigenvalues of the Laplacian are negative.

For more details on the Laplace-Beltrami operator, we refer the reader to Chapter 15
or to Gallot, Hulin and Lafontaine [60] (Chapter 4) or O’Neill [119] (Chapter 3), Postnikov
[125] (Chapter 13), Helgason [72] (Chapter 2) or Warner [147] (Chapters 4 and 6).

All this being rather abstact, it is useful to know how grad f, div X and A f are expressed
in a chart. If (U, ) is a chart of M, with p € M and if, as usual,

() (%))

denotes the basis of T,,M induced by ¢, the local expression of the metric g at p is given by
the n x n matrix, (g;;),, with

(9i5)p = 9p ((aii)p’ (8%])],) |

The matrix (g;;), is symmetric, positive definite and its inverse is denoted (g*),. We also
let |g|, = det(g;;),. For simplicity of notation we often omit the subscript p. Then, it can be
shown that for every function, f € C*°(M), in local coordinates given by the chart (U, ¢),
we have

af o

grad f = Zgiﬂ'% 5
ij J

OF (1) - ( 0 ) F= 22 i)

o5, =\, 7,

where, as usual
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and (uq,...,u,) are the coordinate functions in R™. There are formulae for div X and Af
involving the Christoffel symbols but the following formulae will be more convenient for our
purposes: For every vector field, X € X(M), expressed in local coordinates as

0
X:ZIX’O_:CZ

we have

div X =

"\ 0
\/% ; Ox; (le>

and for every function, f € C*°(M), the Laplacian, Af, is given by

\/—Z%( 9] g”gf)

The above formula is proved in Proposition 15.5, assuming M is orientable. A different
derivation is given in Postnikov [125] (Chapter 13, Section 5).

One should check that for M = R™ with its standard coordinates, the Laplacian is given
by the familiar formula

(92f 0*f

A .
/= 0z T Ox?

Remark: A different sign convention is also used in defining the divergence, namely,

dle———Za ( Z)

With this convention, which is the one used in Section 15.2, the Laplacian also has a negative
sign. This has the advantage that the eigenvalues of the Laplacian are nonnegative.

As an application, let us derive the formula for the Laplacian in spherical coordinates,

x = rsinfcosyp
= rsinfsiny
z = rcosb.
We have

ﬁ = sinfcos 3+sm€sm 2+Cos¢98 2
or Y or SOé?y 0z
% = 7‘<cos8c:osg0(%+cos€sincp§y—st%):7"5
2 = 7| —sinfsin £+sin9008 3 =rp
dp rr gDﬁy -
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Observe that 7, 8 and ¢ are pairwise orthogonal. Therefore, the matrix (g;;) is given by

1 0 0
(9i) =0 r? 0
0 0 72sin’f
and |g| = r*sin® 6. The inverse of (g;;) is
1 0 0
(g)y=(0 r2 0
0 0 7r2sin 26

We will let the reader finish the computation to verify that we get

KO f 1 0 of 1 0%f
Af = — 60— — .
/ r2 or ( 07") * r2sin 6 06 (Sm 89) * 72 sin? § Op?

Since (0, ) are coordinates on the sphere S? via

xr = sinfcosyp
= sinfsiny
z = cosb,

we see that in these coordinates, the metric, (g;;), on S? is given by the matrix

- 1 0
(gij) = (0 Sin2 0) )

that |g| = sin®#, and that the inverse of (g;;) is

It follows immediately that

ser = 2 (i) 4 L2

e vl
sin 6 90 sin o0 sin? @ 0p?’

so we have verified that of
Af = A
/ r2 or ( (97") + 58

Let us now generalize the above formula to the Laplacian, A, on R*™! and the Laplacian,
Agn, on S™ where

Sn:{<x17...7xn+1) c Rt ‘ x%+...+$i+l — 1}‘
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Following Morimoto [113] (Chapter 2, Section 2), let us use “polar coordinates”. The map
from R, x S" to R"* — {0} given by

(r,o) —ro

is clearly a diffeomorphism. Thus, for any system of coordinates, (u1,...,u,), on S™, the
tuple (uy,...,u,,) is a system of coordinates on R™™ — {0} called polar coordinates. Let
us establish the relationship between the Laplacian, A, on R™™! — {0} in polar coordinates
and the Laplacian, Agn, on S™ in local coordinates (uy, ..., u,).

Proposition 16.1 If A is the Laplacian on R™™ — {0} in polar coordinates (uy, ..., un,7)

and Agn is the Laplacian on the sphere, S™, in local coordinates (uy, ..., u,), then
10 af 1
Af=——(r"— —Agnf.
/ rmor (T 87’) +7"2 s f

Proof . Let us compute the (n+1) x (n+1) matrix, G = (g;;), expressing the metric on R"**
is polar coordinates and the n x n matrix, G = (g;;), expressing the metric on S™. Recall
that if 0 € S™, then ¢ -0 =1 and so,

as

do  10(c-0)
8uz~ g 2 aul

If x = ro with o0 € §", we have

dx  Jdo
(9u2- n T(‘?ui’

and

It follows that
Jr Ox , 00 0o 9~

g = ou; a_uj:T Ju; .3_%2719”‘
or O do
Jint1 = ou; -E:raw o=
or Ox
Intintl = E‘E:awf:l.

Consequently, we get
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lg| = r*"[g] and

Using the above equations and

0
Zaxl < 9] gwaf)

we get

o - i S ) b ()
L L

_ S Y 9 (nof
- 702\/— Zaxl( axj> ar <r ar )

i,0=1

_ 1 10 (,0f

as claimed. O

It is also possible to express Agn in terms of Agn-1. If €,17 = (0,...,0,1) € R*™, then
we can view S™"! as the intersection of S™ with the hyperplane, z,,; = 0, that is, as the set

St ={o€S"|o-en =0}

If (uy,...,u,_1) are local coordinates on S™~!, then (uy,...,u,_1,6) are local coordinates
on S™, by setting
o=sinfo+cosbe,,,

with & € S"! and 0 < @ < 7. Using these local coordinate systems, it is a good exercise to
find the relationship between Agr and Agn-1, namely

1 9 Of 1
Mol = G (005 ) e

A fundamental property of the divergence is known as Green’s Formula. There are
actually two Greens’ Formulae but we will only need the version for an orientable manifold
without boundary given in Proposition 15.7. Recall that Green’s Formula states that if M
is a compact, orientable, Riemannian manifold without boundary, then, for every smooth
vector field, X € X(M), we have

/ (div X) Q= 0,
M

where €2;; is the volume form on M induced by the metric.
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If M is a compact, orientable Riemannian manifold, then for any two smooth functions,
f,h € C®(M), we define (f, h) by

)= [ shou

Then, it is not hard to show that (—, —) is an inner product on C*(M).

An important property of the Laplacian on a compact, orientable Riemannian manifold
is that it is a self-adjoint operator. This fact has already been proved in the more general
case of an inner product on differential forms in Proposition 15.3 but it might be instructive
to give another proof in the special case of functions using Green’s Formula.

For this, we prove the following properties: For any two functions, f,h € C*(M), and
any vector field, X € C>(M), we have:

div(fX) = fdivX + X(f) = fdiv X + g(grad f, X)
grad f (h) = g(grad f,grad h) = grad h (f).

Using these identities, we obtain the following important special case of Proposition 15.3:

Proposition 16.2 Let M be a compact, orientable, Riemannian manifold without boundary.
The Laplacian on M 1is self-adjoint, that is, for any two functions, f,h € C*°(M), we have

(Af,h) = (f,Ah)

or equivalently

/MfAhQM:/MhAfQM.

Proof. By the two identities before Proposition 16.2,

fAh = fdivgrad h = div(fgrad h) — g(grad f, grad h)
and

hAf = hdivgrad f = div(hgrad f) — g(grad h, grad f),

so we get
fAh — hAf = div(fgrad h — hgrad f).

By Green’s Formula,

/ (fAR — hAf)Qy = / div(fgrad h — hgrad f)Qy = 0,

which proves that A is self-adjoint. O

The importance of Proposition 16.2 lies in the fact that as (—, —) is an inner product on
C> (M), the eigenspaces of A for distinct eigenvalues are pairwise orthogonal. We will make
heavy use of this property in the next section on harmonic polynomials.
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16.4 Harmonic Polynomials, Spherical Harmonics and
L*(S™)
Harmonic homogeneous polynomials and their restrictions to S™, where
S"={(wr,.. ) ER™ [ 2f 4 tap = 1),

turn out to play a crucial role in understanding the structure of the eigenspaces of the
Laplacian on S™ (with n > 1). The results in this section appear in one form or another
in Stein and Weiss [142] (Chapter 4), Morimoto [113] (Chapter 2), Helgason [72] (Introduc-
tion, Section 3), Dieudonné [43] (Chapter 7), Axler, Bourdon and Ramey [12] (Chapter 5)
and Vilenkin [146] (Chapter IX). Some of these sources assume a fair amount of mathe-
matical background and consequently, uninitiated readers will probably find the exposition
rather condensed, especially Helgason. We tried hard to make our presentation more “user-
friendly”.

Definition 16.1 Let Py(n+1) (resp. Pr(n+ 1)) denote the space of homogeneous polyno-
mials of degree k in n + 1 variables with real coefficients (resp. complex coefficients) and let
Pr(S™) (resp. PE(S™)) denote the restrictions of homogeneous polynomials in Py(n + 1) to
S™ (resp. the restrictions of homogeneous polynomials in PL(n + 1) to S™). Let Hy(n + 1)
(resp. HE(n+ 1)) denote the space of (real) harmonic polynomials (resp. complex harmonic
polynomials), with

Hi(n+1)={P ePr(n+1)| AP =0}

and

Hi(n+1)={PeP:(n+1)| AP =0}.
Harmonic polynomials are sometimes called solid harmonics. Finally, Let Hy(S™) (resp.
HE(S™)) denote the space of (real) spherical harmonics (resp. complex spherical harmonics)
be the set of restrictions of harmonic polynomials in Hy(n + 1) to S™ (resp. restrictions of
harmonic polynomials in H§ (n + 1) to S™).
A function, f: R" — R (resp. f: R" — C), is homogeneous of degree k iff
ftz) =" f(z), for allz € R" and ¢t > 0.

The restriction map, p: Hi(n + 1) — Hx(S™), is a surjective linear map. In fact, it is a
bijection. Indeed, if P € Hy(n + 1), observe that

P(z) = ||z||* P (ﬁ) . with —eS"
x
for all x # 0. Consequently, if P [ S™ =@ | S™, that is, P(c) = Q(o) for all o € S™, then

Py =lell P (%) = el @ (5 ) = e

]l ]
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for all x # 0, which implies P = @ (as P and @ are polynomials). Therefore, we have a
linear isomorphism between Hy,(n + 1) and Hy(S™) (and between HE (n + 1) and HE(S™)).

It will be convenient to introduce some notation to deal with homogeneous polynomials.

Given n > 1 variables, z1, ..., z,, and any n-tuple of nonnegative integers, a = (ay, ..., ay,),
let |a| = a1+ +ay, let 2% = 2" -+ 2% and let a! = oy! -+ - @,!. Then, every homogeneous
polynomial, P, of degree k in the variables x1, ..., x, can be written uniquely as
P = Z Cal®,
|a|=k

with ¢, € R or ¢, € C. It is well known that Py (n) is a (real) vector space of dimension

n+k—1
dk:( K >

and PF(n) is a complex vector space of the same dimension, d.

We can define an Hermitian inner product on P (n) whose restriction to Py (n) is an
inner product by viewing a homogeneous polynomial as a differential operator as follows:
For every P =3, _; car® € PE(n), let

8k
J(P) = ————.
( ) |Z_k ¢ a‘r?l e ax%n
Then, for any two polynomials, P,Q € Pg(n), let
(P,Q) =0(P)Q.
A simple computation shows that
<Z o, Z baxo‘> = Z a!l agby.
|a|=k |a|=k |a|=k
Therefore, (P, Q) is indeed an inner product. Also observe that

2 2 62 32
O+ +al) = g+t gy = A

Another useful property of our inner product is this:

(P,QR) = (0(Q)P, R).
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Indeed.

In particular,

(i +---+2))P,Q) = (P,O(a} + - -+ 23)Q) = (P, AQ).

Let us write ||z for 22 + - -- 4+ 22. Using our inner product, we can prove the following
important theorem:

Theorem 16.3 The map, A: Pr(n) — Pr_a(n), is surjective for all n,k > 2 (and simi-
larly for A: PE(n) — PE o(n)). Furthermore, we have the following orthogonal direct sum
decompositions:

Pi(n) = Hi(n) @ ||a])* Hia(n) & -+ & 2| Hizy(n) @ - @ ] Moy (n)
and

PE(n) = HE () & ll2l]* HE_o(n) @ - @ 12l HE o5 (n) @ -~ @ o] HE oy (m),
with the understanding that only the first term occurs on the right-hand side when k < 2.

Proof. If the map A: PS(n) — PE 4(n) is not surjective, then some nonzero polynomial,
Q € PF ,(n), is orthogonal to the image of A. In particular,  must be orthogonal to AP

with P = ||z]|*Q € PE(n). So, using a fact established earlier,
0=(Q,AP) = (|l||*Q, P) = (P, P),

which implies that P = ||z||>Q = 0 and thus, Q = 0, a contradiction. The same proof is
valid in the real case.

We claim that we have an orthogonal direct sum decomposition,
2
P (n) = Hi (n) @ [lz]* Pi_s(n),

and similarly in the real case, with the understanding that the second term is missing if
k <2 If k=01, then P{(n) = HE(n) so this case is trivial. Assume k > 2. Since
Ker A = H5(n) and A is surjective, dim(PF(n)) = dim(HE(n)) + dim(PF ,(n)), so it is
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sufficient to prove that HE(n) is orthogonal to ||z||* PS ,(n). Now, if H € HS(n) and
P=|z|”?Q € ||lz||> PE_,(n), we have

(=l Q, H) = (Q,AH) =0,

so HE(n) and ||z||> PE_,(n) are indeed orthogonal. Using induction, we immediately get the
orthogonal direct sum decomposition

Pi(n) = Hii(n) @ |l Hi_o(n) @ -~ @ [|2] Hp;(n) @ - - @ |l HE 1y (n)

and the corresponding real version. [J

Remark: Theorem 16.3 also holds for n = 1.

Theorem 16.3 has some important corollaries. Since every polynomial in n + 1 variables
is the sum of homogeneous polynomials, we get:

Corollary 16.4 The restriction to S™ of every polynomial (resp. complex polynomial) in
n + 1 > 2 wvariables is a sum of restrictions to S™ of harmonic polynomials (resp. complex
harmonic polynomials).

We can also derive a formula for the dimension of Hy(n) (and Hg (n)).

Corollary 16.5 The dimension, ax,, of the space of harmonic polynomials, Hy(n), is given

by the formula
. n+k—-1\ (n+k-3
wn k k-2

if n,k > 2, with ag,, = 1 and ay,, = n, and similarly for Hs(n). As Hy(n+1) is isomorphic
to Hp(S™) (and HE(n + 1) is isomorphic to HE(S™)) we have

dim(HE(S™)) = dim(He(S™)) = apnsr = (" ' ’“) _ (” ' ¥ N 2).

Proof. The cases k = 0 and k = 1 are trivial since in this case Hy(n) = Pr(n). For k > 2,
the result follows from the direct sum decomposition

Pi(n) = Hi(n) @ |[2]|* Pr-z(n)

proved earlier. The proof is identical in the complex case. [

Observe that when n = 2, we get axo = 2 for £ > 1 and when n = 3, we get a3 =2k +1
for all £ > 0, which we already knew from Section 16.2. The formula even applies for n =1
and yields a;; = 0 for k& > 2.
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Remark: It is easy to show that

n+k—1 n+k—2
Akn+1 = n—1 + n—1

for k > 2, see Morimoto [113] (Chapter 2, Theorem 2.4) or Dieudonné [43] (Chapter 7,
formula 99), where a different proof technique is used.

Let L?*(S™) be the space of (real) square-integrable functions on the sphere, S™. We have
an inner product on L*(S™) given by

(fr9)= [ [f9Qu,

Sn

where f,g € L*(S™) and where , is the volume form on S™ (induced by the metric on
R™™1). With this inner product, L?(S™) is a complete normed vector space using the norm,

11l = IIfll, = \/{f, ), associated with this inner product, that is, L*(S™) is a Hilbert space.

In the case of complex-valued functions, we use the Hermitian inner product
(fLoy=1 9%
Sn

and we get the complex Hilbert space, LZ(S™). We also denote by C(S™) the space of
continuous (real) functions on S™ with the L*> norm, that is,

[flloe = sup{[f(@)[}oesn

and by C¢(S™) the space of continuous complex-valued functions on S™ also with the L>
norm. Recall that C'(S™) is dense in L?(S™) (and Cg(S™) is dense in LZ(S™)). The following
proposition shows why the spherical harmonics play an important role:

Proposition 16.6 The set of all finite linear combinations of elements in | J;—, Hi(S™)
(resp. U Hi(S™)) 1s

(i) dense in C(S™) (resp. in Cc(S™)) with respect to the L*™-norm;

(ii) dense in L*(S™) (resp. dense in LZ(S™)).

Proof. (i) As S™ is compact, by the Stone-Weierstrass approximation theorem (Lang [93],
Chapter 111, Corollary 1.3), if g is continuous on S™, then it can be approximated uniformly
by polynomials, P;, restricted to S™. By Corollary 16.4, the restriction of each P; to S™ is a
linear combination of elements in (J;, H(S™).

(ii) We use the fact that C'(S™) is dense in L?(S™). Given f € L*(S"), for every € > 0,
we can choose a continuous function, g, so that || f — g||, < €/2. By (i), we can find a linear
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combination, h, of elements in J;-, Hx(S™) so that ||g — k|l < €/(24/vol(S™)), where
vol(S™) is the volume of S™ (really, area). Thus, we get

I1f = hlly <N = glly +1lg = blly < €/2+ /vol(57) [lg — hll, < €/2+¢€/2=¢,

which proves (ii). The proof in the complex case is identical. O

We need one more proposition before showing that the spaces H;(S™) constitute an
orthogonal Hilbert space decomposition of L?(S™).

Proposition 16.7 For every harmonic polynomial, P € Hy(n+ 1) (resp. P € H-(n+1)),
the restriction, H € Hy,(S™) (resp. H € HS(S™)), of P to S™ is an eigenfunction of Agn for
the eigenvalue —k(n + k — 1).

Proof. We have
P(ro) = r*H(o), r>0,0¢eS"

and by Proposition 16.1, for any f € C*(R"*!), we have

Af:lfzeﬁi)+%AWf

" or or
Consequently,
10 O(rkH) 1
AP=A(*H) = —=( Qs (rtH
(r"H) rmor <7ﬂ or + r2 =% (r"H)
= ig{m““%ﬂ+ﬁﬂA9H
r™ or
1
= —k(n+k—1Dr""2H 4" 2A0H
rn
= " 2k(n+k—1)H+ Agn H).
Thus,

AP=0 iff AgnH=—-k(n+k—1)H,
as claimed. J

From Proposition 16.7, we deduce that the space H(S™) is a subspace of the eigenspace,
E},, of Agn, associated with the eigenvalue —k(n + k — 1) (and similarly for HE(S™)). Re-
markably, £ = H(S™) but it will take more work to prove this.

What we can deduce immediately is that H(S™) and H;(S™) are pairwise orthogonal
whenever k # 1. This is because, by Proposition 16.2, the Laplacian is self-adjoint and thus,
any two eigenspaces, Fjy and F; are pairwise orthogonal whenever k # [ and as H(S™) C
Ey and H,(S™) C E;, our claim is indeed true. Furthermore, by Proposition 16.5, each
Hy(S™) is finite-dimensional and thus, closed. Finally, we know from Proposition 16.6 that
Uiz Hi(S™) is dense in L*(S™). But then, we can apply a standard result from Hilbert
space theory (for example, see Lang [93], Chapter V, Proposition 1.9) to deduce the following
important result:
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Theorem 16.8 The family of spaces, Hy,(S™) (resp. H%(S™)) yields a Hilbert space direct
sum decomposition

= @'HMS”) (resp. L&(S™) @HC (S™)
k=0

which means that the summands are closed, pairwise orthogonal, and that every f € L?(S™)
(resp. f € LA(S™)) is the sum of a converging series

f = kaa
k=0

in the L*-norm, where the fi € Hi(S") (resp. fr € HE(S™)) are uniquely determined

functions. Furthermore, given any orthonormal basis, (Y, ..., Y, """, of Hx(S™), we have
Ak n+1
fk = Z Ck,kakmk7 thh Ck,mk = <f7 Yk;mk>
mp=1

The coefficients ¢y, are “generalized” Fourier coefficients with respect to the Hilbert
basis {Y,"* | 1 < my, < agnt1, k> 0}. We can finally prove the main theorem of this section.

Theorem 16.9

(1) The eigenspaces (resp. complex eigenspaces) of the Laplacian, Agn, on S™ are the
spaces of spherical harmonics,

Eyp = Hr(S™) (resp.  Ejp = HE(S™))
and Ej; corresponds to the eigenvalue —k(n +k — 1).

(2) We have the Hilbert space direct sum decompositions
= @Ek (resp. LZ(S™) @Ek )
k=0

(3) The complex polynomials of the form (cix1+ -+ Coy1Tn+1)*, with i+ -+ 2, =0,
span the space H:(n + 1), for k > 1.

Proof. We follow essentially the proof in Helgason [72] (Introduction, Theorem 3.1). In (1)
and (2) we only deal with the real case, the proof in the complex case being identical.

(1) We already know that the integers —k(n + k — 1) are eigenvalues of Agn and that
Hi(S™) C Er. We will prove that Ag» has no other eigenvalues and no other eigenvectors
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using the Hilbert basis, {Y,"™ | 1 < my < agni1, k > 0}, given by Theorem 16.8. Let A be
any eigenvalue of Agn and let f € L?*(S™) be any eigenfunction associated with A so that

Af =T

We have a unique series expansion

o0 Ak,n+1

f = Z Z Ck:,mkykmka

k=0 mkzl

with cxm, = (f. Y, *). Now, as Agn is self-adjoint and AY,™ = —k(n + k — 1)Y,™, the
Fourier coefficients, dj,,, of Af are given by

dim, = (A, Y)™) = (fLAY,™) = —k(n+ k= 1)(f,Y,)™) = —k(n+k — 1)k m, -
On the other hand, as Af = X\ f, the Fourier coefficients of Af are given by
Ak, = NChmy, -
By uniqueness of the Fourier expansion, we must have
Ay, = —k(n+k — 1)Chm, for all k > 0.
Since f # 0, there some k such that cj,,, # 0 and we must have
A=—k(n+k—-1)

for any such k. However, the function k — —k(n+k— 1) reaches its maximum for k = —”T_l
and as n > 1, it is strictly decreasing for £ > 0, which implies that % is unique and that

Cjm; =0 for all j # k.

Therefore, f € Hi(S™) and the eigenvalues of Agn are exactly the integers —k(n+k — 1) so
Ey = H(S™), as claimed.

Since we just proved that Ej = H(S™), (2) follows immediately from the Hilbert decom-
position given by Theorem 16.8.

(3) If H = (c1z1 + -+ + Cpp1@ns1)¥, with ¢ + -+ 2, = 0, then for k <1 is is obvious
that AH = 0 and for k > 2 we have

AH =k(k=1)(ci + -+ )@ + -+ cpatnn) 2 = 0,

so H € HE(n+1). A simple computation shows that for every Q € PE(n + 1), if
c¢=(c1,...,Cnt1), then we have

Q)11 + -+ cpp1Tp)" =m(m — 1) -+ (m =k + 1)Q(c)(crzy + -+ + Cn+1$n+1)m7k,
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forallm >k > 1.

Assume that HE(n + 1) is not spanned by the complex polynomials of the form (c;z; +
oot Cup1Tn)®, with ¢f -+ 2, =0, for k > 1. Then, some @ € Hj;(n+1) is orthogonal
to all polynomials of the form H = (cjz1 4« -+ Cuy1Tn41)%, with ¢ + -+ 2, = 0. Recall
that

(P,O(Q)H) = (QP H)
and apply this equation to P = Q(c), H and . Since

3(@)[—[ = a(@)(01$1 + -+ Cn+1l’n+1)k = k'Q(C),

as () is orthogonal to H, we get

F{Q(c), () = (Q(c), K1Q(c)) = (Q(c), d(Q)H) = (QQ(c), H) = Q(c)(Q, H) = 0,

which implies Q(c) = 0. Consequently, Q(x1,...,2,1) vanishes on the complex algebraic
variety,

{21, ) €C"H [ af 4o gy, =03,

By the Hilbert Nullstellensatz, some power, Q™, belongs to the ideal, (2} + --- + 22_,),
generated by 23+ - -+a22 . Now, if n > 2, it is well-known that the polynomial 23+ - -+a2_
is irreducible so the ideal (7 + --- 4 22,,) is a prime ideal and thus, @ is divisible by
zi+---+a2, . However, we know from the proof of Theorem 16.3 that we have an orthogonal
direct sum

Pon+1)=HE(n+1) @ ||z PE o (n + 1).

Since @ € Hf(n+1) and Q is divisible by 2% + -+ 22, , we must have Q = 0. Therefore,
if n > 2, we proved (3). However, when n = 1, we know from Section 16.1 that the complex
harmonic homogeneous polynomials in two variables, P(x,y), are spanned by the real and
imaginary parts, Uy, V; of the polynomial (z + iy)* = Uy + iV}. Since (z — iy)* = Uy — iV}
we see that

U= (w4 @—i)),  Vi= o (i) — @),

1
2
and as 1 +14% = 1+ (—i)? = 0, the space 'H(,S(Rz) is spanned by (x + iy)* and (z — iy)* (for
k> 1), so (3) holds for n =1 as well. O

As an illustration of part (3) of Theorem 16.9, the polynomials (x1 + 14 cos 6z + i sin x3)*
are harmonic. Of course, the real and imaginary part of a complex harmonic polynomial
(c1m1 + -+ + Cpy1Tng1)* are real harmonic polynomials.

In the next section, we try to show how spherical harmonics fit into the broader framework
of linear respresentations of (Lie) groups.



16.5. SPHERICAL FUNCTIONS AND REPRESENTATIONS OF LIE GROUPS 483

16.5 Spherical Functions and Linear Representations
of Lie Groups; A Glimpse

In this section, we indicate briefly how Theorem 16.9 (except part (3)) can be viewed as a
special case of a famous theorem known as the Peter-Weyl Theorem about unitary represen-
tations of compact Lie groups (Herman, Klauss, Hugo Weyl, 1885-1955). First, we review
the notion of a linear representation of a group. A good and easy-going introduction to
representations of Lie groups can be found in Hall [70]. We begin with finite-dimensional
representations.

Definition 16.2 Given a Lie group, GG, and a vector space, V', of dimension n, a linear
representation of G of dimension (or degree m) is a group homomorphism, U: G — GL(V),
such that the map, g — U(g)(u), is continuous for every u € V and where GL(V') denotes
the group of invertible linear maps from V' to itself. The space, V', called the representation
space may be a real or a complex vector space. If V has a Hermitian (resp Euclidean) inner
product, (—, =), we say that U: G — GL(V) is a unitary representation iff

(U(g)(u),U(g)(v)) = (u,v), for allg € G and allu,v € V.

Thus, a linear representation of G is a map, U: G — GL(V), satisfying the properties:

For simplicity of language, we usually abbreviate linear representation as representa-
tion. The representation space, V, is also called a G-module since the representation,
U: G — GL(V), is equivalent to the left action, -: G x V' — V, with g - v = U(g)(v).
The representation such that U(g) = I for all g € G is called the trivial representation.

As an example, we describe a class of representations of SL(2,C), the group of complex
matrices with determinant +1,
a b
(c d)’ ad — bc = 1.

Recall that PF(2) denotes the vector space of complex homogeneous polynomials of degree
k in two variables, (21, z2). For every matrix, A € SL(2,C), with

a b
a= ()
for every homogeneous polynomial, ) € P,;C(Q), we define Ui (A)(Q(z1, 22)) by
Ur(A)(Q(21, 22)) = Q(dzy — bze, —cz1 + azy).
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If we think of the homogeneous polynomial, Q(z1,22), as a function, Q(Z), of the vector
( ), then

21
z2
z1 1 Z1 d —b 21
Up(A = QA = .
w(e(z)) e () =e (% ) ()
The expression above makes it clear that

Ur(AB) = Up(A)Ur(B)

for any two matrices, A, B € SL(2,C), so Uy, is indeed a representation of SL(2,C) into
PE(2). Tt can be shown that the representations, Uy, are irreducible and that every rep-
resentation of SL(2,C) is equivalent to one of the Uy’s (see Brocker and tom Dieck [25],
Chapter 2, Section 5). The representations, Uy, are also representations of SU(2). Again,
they are irreducible representations of SU(2) and they constitute all of them (up to equiv-
alence). The reader should consult Hall [70] for more examples of representations of Lie
groups.

One might wonder why we considered SL(2, C) rather than SL(2,R). This is because it
can be shown that SL(2,R) has no nontrivial unitary (finite-dimensional) representations!
For more on representations of SL(2, R), see Dieudonné [43] (Chapter 14).

Given any basis, (ey,...,e,), of V|, each U(g) is represented by an n X n matrix,
U(g) = (U;;(g)). We may think of the scalar functions, g — U;;(g), as special functions on
G. As explained in Dieudonné [43] (see also Vilenkin [146]), essentially all special functions
(Legendre polynomials, ultraspherical polynomials, Bessel functions, etc.) arise in this way
by choosing some suitable G and V. There is a natural and useful notion of equivalence of
representations:

Definition 16.3 Given any two representations, U;: G — GL(V}) and Uy: G — GL(1%), a
G-map (or morphism of representations), p: U — Uy, is a linear map, ¢: Vi — V3, so that
the following diagram commutes for every g € G-

Vi Ui(g) Vi

@j J«:
U2(9g)

Vo =L V.

The space of all G-maps between two representations as above is denoted Homg(Uy, Us).
Two representations Uy : G — GL(V;) and Us: G — GL(V3) are equivalent iff ¢: Vi — V;
is an invertible linear map (which implies that dim V} = dim V3). In terms of matrices, the
representations U;: G — GL(V}) and Uy: G — GL(V3) are equivalent iff there is some
invertible n X n matrix, P, so that

Us(g) = PUL(g)P~",  g€QG.
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If W C V is a subspace of V, then in some cases, a representation U: G — GL(V) yields
a representation U: G — GL(W). This is interesting because under certain conditions on
G (e.g., G compact) every representation may be decomposed into a “sum” of so-called
irreducible representations and thus, the study of all representations of G boils down to the
study of irreducible representations of G (for instance, see Knapp [89] (Chapter 4, Corollary
4.7) or Brocker and tom Dieck [25] (Chapter 2, Proposition 1.9).

Definition 16.4 Let U: G — GL(V') be a representation of G. If W C V' is a subspace of
V', then we say that W is invariant (or stable) under U iff U(g)(w) € W, for all g € G and all
w e W. If W is invariant under U, then we have a homomorphism, U: G — GL(WW), called
a subrepresentation of G. A representation, U: G — GL(V), with V' # (0) is rreducible
iff it only has the two subrepresentations, U: G — GL(W), corresponding to W = (0) or
W=V.

An easy but crucial lemma about irreducible representations is “Schur’s Lemma’”.

Lemma 16.10 (Schur’s Lemma) Let U;: G — GL(V') and Uy: G — GL(W) be any two
real or complex representations of a group, G. If Uy and Us are irreducible, then the following
properties hold:

(i) Every G-map, p: Uy — Us, is either the zero map or an isomorphism.

(i1) If Uy is a complex representation, then every G-map, ¢: Uy — Uy, is of the form,
© = Mid, for some X\ € C.

Proof. (i) Observe that the kernel, Ker ¢ C V', of ¢ is invariant under U;. Indeed, for every
v € Ker ¢ and every g € GG, we have

p(Ur(g)(v)) = Uz(g)((v)) = Ua(g)(0) = 0,

so Ui(g)(v) € Ker . Thus, U;: G — GL(Ker ¢) is a subrepresentation of U; and as U is
irreducible, either Ker ¢ = (0) or Ker ¢ = V. In the second case, p = 0. If Ker ¢ = (0),
then ¢ is injective. However, (V) C W is invariant under U since for every v € V and
every g € G,

Uz(9)(¢(v)) = ¢(Ur(g9)(v)) € o(V),
and as ©(V) # (0) (as V # (0) since U is irreducible) and U, is irreducible, we must have
o(V) = W, that is, ¢ is an isomorphism.

(ii) Since V' is a complex vector space, the linear map, ¢, has some eigenvalue, A € C.
Let E)\ C V be the eigenspace associated with A\. The subspace E) is invariant under U,
since for every u € F) and every g € GG, we have

p(Ui(9)(w)) = Ur(9)(p(w) = Ur(g)(Au) = AUr(9)(u),
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so Uy: G — GL(FE)) is a subrepresentation of U; and as U; is irreducible and E\ # (0), we
must have Ey\, = V. O

An interesting corollary of Schur’s Lemma is that every complex irreducible represent-
taion of a commutative group is one-dimensional.

Let us now restrict our attention to compact Lie groups. If G is a compact Lie group,
then it is known that it has a left and right-invariant volume form, wq, so we can define the
integral of a (real or complex) continuous function, f, defined on G by

| 1= 1ee

also denoted [, fdug or simply [, f(t)dt, with we normalized so that [,we = 1. (See
Section 9.4, or Knapp [89], Chapter 8 or Warner [147], Chapters 4 and 6.) Because G
is compact, the Haar measure, ug, induced by wg is both left and right-invariant (G is a
unimodular group) and our integral has the following invariance properties:

/Gf(t)dt:/Gf(st)dt:/Gf(tu)dt:/Gf(t_l)dt

for all s,u € G (see Section 9.4).

Since G is a compact Lie group, we can use an “averaging trick” to show that every (finite-
dimensional) representation is equivalent to a unitary representation (see Brocker and tom
Dieck [25] (Chapter 2, Theorem 1.7) or Knapp [89] (Chapter 4, Proposition 4.6).

If we define the Hermitian inner product,

9) :/Gfﬁwa,

then, with this inner product, the space of square-integrable functions, LZ(G), is a Hilbert
space. We can also define the convolution, f * g, of two functions, f,g € LA(G), by

(f*g)(z /f:ct t)dt:/Gf(t)g(tlsc)dt

In general, f % g # g * f unless G is commutative. With the convolution product, L4(G)
becomes an associative algebra (non-commutative in general).

This leads us to consider unitary representations of G into the infinite-dimensional vector
space, LZ(G). The definition is the same as in Definition 16.2, except that GL(LZ(G)) is
the group of automorphisms (unitary operators), Aut(LZ(G)), of the Hilbert space, L4(G)

and
(U(g)(w), U(g)(v)) = (u,v)
with respect to the inner product on LA(G). Also, in the definition of an irreducible repre-

sentation, U: G — V, we require that the only closed subrepresentations, U: G — W, of
the representation, U: G — V/, correspond to W = (0) or W = V.
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The Peter Weyl Theorem gives a decomposition of LZ(G) as a Hilbert sum of spaces that
correspond to irreducible unitary representations of G. We present a version of the Peter
Weyl Theorem found in Dieudonné [43] (Chapters 3-8) and Dieudonné [44] (Chapter XXI,
Sections 1-4), which contains complete proofs. Other versions can be found in Brocker and
tom Dieck [25] (Chapter 3), Knapp [89] (Chapter 4) or Duistermaat and Kolk [53] (Chapter
4). A good preparation for these fairly advanced books is Deitmar [40].

Theorem 16.11 (Peter-Weyl (1927)) Given a compact Lie group, G, there is a decompo-
sition of LA(G) as a Hilbert sum,

Lz(G) = @ Ops

of countably many two-sided ideals, a,, where each a, is isomorphic to a finite-dimensional

algebra of n, x n, complex matrices. More precisely, there is a basis of a, consisting of
(p)

smooth pairwise orthogonal functions, m;;", satisfying various properties, including

<m£}?)7 m§§)> = Ny,
and if we form the matriz, M,(g) = (nlmg-’) (9)), then the map, g — M,(g) is an irreducible
P

unitary representation of G in the vector space C". Furthermore, every irreducible
representation of G is equivalent to some M,, so the set of indices, p, corresponds to the set
of equivalence classes of irreducible unitary representations of G. The function, u,, given by

up(9) = D_mif(g) = mytr(M,y(9))

is the unit of the algebra a, and the orthogonal projection of LE(G) onto a, is the map

f=u,*f,

that is, convolution with u,.

Remark: The function, y, = nipup = tr(M,), is the character of G associated with the
representation of G' into M,. The functions, x,, form an orthogonal system. Beware that
they are not homomorphisms of GG into C unless G is commutative. The characters of GG are
the key to the definition of the Fourier transform on a (compact) group, G.

A complete proof of Theorem 16.11 is given in Dieudonné [44], Chapter XXI, Section 2,
but see also Sections 3 and 4.

There is more to the Peter Weyl Theorem: It gives a description of all unitary represen-
tations of G into a separable Hilbert space (see Dieudonné [44], Chapter XXI, Section 4). If
V: G — Aut(FE) is such a representation, then for every p as above, the map

a»wmmwz/W@@mst

G
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is an orthogonal projection of E onto a closed subspace, E,. Then, E is the Hilbert sum,
E =@, E,, of those E, such that E, # (0) and each such E,, is itself a (countable) Hilbert
sum of closed spaces invariant under V. The subrepresentations of V' corresponding to these
subspaces of E, are all equivalent to M; = E and hence, irreducible. This is why every
(unitary) representation of G is equivalent to some representation of the form M,.

An interesting special case is the case of the so-called regular representation of G in
L2(G) itself. The (left) regular representation, R, of G in LZ(G) is defined by

R (M) =A())B) = f(s7'1),  fEeLLG), s,t€G.

It turns out that we also get the same Hilbert sum,
L%(G) = @ am
P

but this time, the a, generally do not correspond to irreducible subrepresentations. However,
a, splits into n, left ideals, bg-p ), where bg-p ) corresponds to the jth columm of M, and all the

subrepresentations of G in bg-p ) are equivalent to M5 and thus, are irreducible (see Dieudonné
[43], Chapter 3).

Finally, assume that besides the compact Lie group, GG, we also have a closed subgroup, K,
of G. Then, we know that M = G/K is a manifold called a homogeneous space and G acts on
M on the left. For example, if G = SO(n+1) and K = SO(n), then S™ = SO(n+1)/SO(n)
(for instance, see Warner [147], Chapter 3). The subspace of L%(G) consisting of the functions
f € L&(G) that are right-invariant under the action of K, that is, such that

f(su) = f(s) for alls € Gand allu € K
form a closed subspace of L4(G) denoted LZ(G/K). For example, if G = SO(n + 1) and
K =SO0(n), then LA(G/K) = L&(S™).

It turns out that LZ(G/K) is invariant under the regular representation, R, of G in
L4(G), so we get a subrepresentation (of the regular representation) of G' in Li(G/K).
Again, the Peter-Weyl gives us a Hilbert sum decomposition of LZ(G/K) of the form

LL(G/K) = P L, = L2(G/K) N,

for the same p’s as before. However, these subrepresentations of R in L, are not necessarily
irreducible. What happens is that there is some d, with 0 < d, < n, so that if d, > 1,
then L, is the direct sum of the first d, columns of M, (see Dieudonné [43], Chapter 6 and
Dieudonné [45], Chapter XXII, Sections 4-5).

We can also consider the subspace of LZ(G) consisting of the functions, f € L4(G), that
are left-invariant under the action of K, that is, such that

f(ts) = f(s) for all s € G and allt € K.
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This is a closed subspace of L4(G) denoted LA(K\G). Then, we get a Hilbert sum decom-
position of LA(K\G) of the form

LA(K\G) = @L’ LA(K\G) Na,,

and for the same d, as before, L] is the direct sum of the first d, rows of M,. We can also
consider
LYEK\G/K) = Lg(G/K) N Lg(K\G)
{f € LL&(G) | f(tsu) = f(s)} for alls € Gand allt,u € K.

From our previous discussion, we see that we have a Hilbert sum decomposition

LA(K\G/K) = @L nr,

and each L, N L’p for which d, > 1 is a matrix algebra of dimension di. As a consequence,
the algebra LA(K\G/K) is commutative iff d, <1 for all p.

If the algebra LA(K\G/K) is commutative (for the convolution product), we say that
(G, K) is a Gelfand pair (see Dieudonné [43], Chapter 8 and Dieudonné [45], Chapter XXII,
Sections 6-7). In this case, the L, in the Hilbert sum decomposition of L&(G/K) are nontriv-
ial of dimension n, iff d, = 1 and the subrepresentation, U, (of the regular representation)
of G into L, is irreducible and equivalent to M5;. The space L, is generated by the functions,

m§’j{, . mn 1, but the function

1
wpl(s) = —mif}(s)
P
plays a special role. This function called a zonal spherical function has some interesting
properties. First, w,(e) = 1 (where e is the identity element of the group, G) and
wy(ust) = w,(s) for alls € Gand allu,t € K.
In addition, w, is of positive type. A function, f: G — C, is of positive type iff
Z f(s5 sk)zZk > 0,
k=1

for every finite set, {s1,...,s,}, of elements of G and every finite tuple, (z,...,2,) € C™.
Because the subrepresentation of G into L, is irreducible, the function w, generates L, under
left translation. This means the following: If we recall that for any function, f, on G,

AN = f(sh),  sted,
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then, L, is generated by the functions A\s(w,), as s varies in G. The function w, also satisfies
the following property:

wp(s) = (U(s)(wp), wp)-
The set of zonal spherical functions on G/K is denoted S(G/K). It is a countable set.

The notion of Gelfand pair also applies to locally-compact unimodular groups that are

not necessary compact but we will not discuss this notion here. Curious readers may consult
Dieudonné [43] (Chapters 8 and 9) and Dieudonné [45] (Chapter XXII, Sections 6-9).

It turns out that G = SO(n + 1) and K = SO(n) form a Gelfand pair (see Dieudonné
[43], Chapters 7-8 and Dieudonné [46], Chapter XXIII, Section 38). In this particular case,
p = k is any nonnegative integer and L, = Ej, the eigenspace of the Laplacian on S™
corresponding to the eigenvalue —k(n + k — 1). Therefore, the regular representation of
SO(n) into Ey = HE(S™) is irreducible. This can be proved more directly, for example,
see Helgason [72]| (Introduction, Theorem 3.1) or Brocker and tom Dieck [25] (Chapter 2,
Proposition 5.10).

The zonal spherical harmonics, wy, can be expressed in terms of the ultraspherical poly-
nomials (also called Gegenbauer polynomials), P,fnil)/ ? (up to a constant factor), see Stein
and Weiss [142] (Chapter 4), Morimoto [113] (Chapter 2) and Dieudonné [43] (Chapter 7).

For n =2, P? is just the ordinary Legendre polynomial (up to a constant factor). We will
say more about the zonal spherical harmonics and the ultraspherical polynomials in the next
two sections.

The material in this section belongs to the overlapping areas of representation theory and
noncommutative harmonic analysis. These are deep and vast areas. Besides the references
cited earlier, for noncommutative harmonic analysis, the reader may consult Folland [54] or
Taylor [144], but they may find the pace rather rapid. Another great survey on both topics
is Kirillov [87], although it is not geared for the beginner.

16.6 Reproducing Kernel, Zonal Spherical Functions
and Gegenbauer Polynomials

We now return to S™ and its spherical harmonics. The previous section suggested that
zonal spherical functions play a special role. In this section, we describe the zonal spherical
functions on S™ and show that they essentially come from certain polynomials generalizing
the Legendre polyomials known as the Gegenbauer Polynomials. Most proof will be omitted.
We refer the reader to Stein and Weiss [142] (Chapter 4) and Morimoto [113] (Chapter 2)
for a complete exposition with proofs.

Recall that the space of spherical harmonics, H (S™), is the image of the space of homoge-
neous harmonic poynomials, P (n + 1), under the restriction map. It is a finite-dimensional
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n+k n+k—2
Qg1 = k - E_9 )

if n > 1 and k > 2, with agy; = 1 and a1,,41 = n+ 1. Let (V...
orthonormal basis of HE(S™) and define F, (o, 7) by

space of dimension

Yak,n-H

Y, ) be any

Ak n+41

Fi(o.1) = Y Yi(o)Yi(r), oresm
i=1

The following proposition is easy to prove (see Morimoto [113], Chapter 2, Lemma 1.19 and
Lemma 2.20):

Proposition 16.12 The function Fy is independent of the choice of orthonormal basis.
Furthermore, for every orthogonal transformation, R € O(n + 1), we have

Fi(Ro, RT) = Fy(o,T), o,7eS".

Clearly, Fj is a symmetric function. Since we can pick an orthonormal basis of real
orthogonal functions for H¢(S™) (pick a basis of Hx(S™)), Proposition 16.12 shows that Fj
is a real-valued function.

The function Fj, satisfies the following property which justifies its name, the reproducing
kernel for HE(S™):

Proposition 16.13 For every spherical harmonic, H € ’H;C(S”), we have

H(7)Fy(o,7)dr = 6;,H(0), o,7€S",
S'I’l

for all j,k > 0.

Proof. When j # k, since Hj;(S™) and 15 (S™) are orthogonal and since

Fi(o,7) = Y550 Yi(o)Yi(T), it is clear that the integral in Proposition 16.13 vanishes.
When j = k, we have

5 H(T)Fy(o,7)dr = 5 H(T) Z Yi(0)Yi(r)dr
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. a . .
since (Y}, ...,Y, " *") is an orthonormal basis. [J

In Stein and Weiss [142] (Chapter 4), the function Fj(o,7) is denoted by ZM (1) and it
is called the zonal harmonic of degree k with pole o.

The value, F (o, 7), of the function Fy depends only on o-7, as stated in Proposition 16.15
which is proved in Morimoto [113] (Chapter 2, Lemma 2.23). The following proposition also
proved in Morimoto [113] (Chapter 2, Lemma 2.21) is needed to prove Proposition 16.15:

Proposition 16.14 For all o,7,0', 7" € S™, with n > 1, the following two conditions are
equivalent:

(i) There is some orthogonal transformation, R € O(n + 1), such that R(c) = o' and
R(r)=1".

(ii) o-T=0" 7.

Propositions 16.13 and 16.14 immediately yield

Proposition 16.15 For all o,7,0', 7" € S, if o -7 = o' -7/, then Fy(o,7) = Fy(o', 7).
Consequently, there is some function, ¢: R — R, such that Fi(w,T) = ¢(w - 7).

We are now ready to define zonal functions. Remarkably, the function ¢ in Proposi-
tion 16.15 comes from a real polynomial. We need the following proposition which is of
independent interest:

Proposition 16.16 If P is any (complez) polynomial in n variables such that
P(R(z)) = P(x) for all rotations, R € SO(n), and all x € R",

then P 1s of the form
P(x) = e+ +ah),
5=0
for some cq, ..., c, € C.

Proof. Write P as the sum of its homogeneous pieces, P = Zf:o @, where (); is homoge-
neous of degree [. Then, for every ¢ > 0 and every rotation, R, we have

Y dQi(w) = Pex) = P(R(ex)) = P(eR(x)) = ) _ ' Qu(R(x)),

=0 =0

which implies that
Qi(R(x)) = Qi(x), l=0,...,k.
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If we let F(z) = |||~ Q;(z), then F} is a homogeneous function of degree 0 and F} is invariant
under all rotations. This is only possible if F; is a constant function, thus Fj(z) = q; for
all z € R". But then, Q;(z) =  ||z]|'. Since Q is a polynomial, I must be even whenever
a; # 0. It follows that

m

P(z) =) ¢l

§=0
with ¢; = ag; for j = 0,...,m and where m is the largest integer < k/2. O

Proposition 16.16 implies that if a polynomial function on the sphere, S™, in particular,
a spherical harmonic, is invariant under all rotations, then it is a constant. If we relax this

condition to invariance under all rotations leaving some given point, 7 € S™, invariant, then
we obtain zonal harmonics.

The following theorem from Morimoto [113] (Chapter 2, Theorem 2.24) gives the rela-

tionship between zonal harmonics and the Gegenbauer polynomials:

Theorem 16.17 Fix any T € S™. For every constant, ¢ € C, there is a unique homogeneous
harmonic polynomial, Z] € Hs(n + 1), satisfying the following conditions:
(1) Zi(r) = ¢
(2) For every rotation, R € SO(n + 1), if Rt = 7, then Z[(R(x)) = Z[(x), for all
r € R,

Furthermore, we have
T
226w = el P (57°7)
k 7]

for some polynomial, Py, (t), of degree k.

Remark: The proof given in Morimoto [113] is essentially the same as the proof of Theorem
2.12 in Stein and Weiss [142] (Chapter 4) but Morimoto makes an implicit use of Proposition
16.16 above. Also, Morimoto states Theorem 16.17 only for ¢ = 1 but the proof goes through
for any ¢ € C, including ¢ = 0, and we will need this extra generality in the proof of the
Funk-Hecke formula.

Proof. Let e 1 = (0,...,0,1) € R*™! and for any 7 € S™, let R, be some rotation such
that R,(eny1) = 7. Assume Z € HE(n + 1) satisfies conditions (1) and (2) and let Z’ be
given by Z'(z) = Z(R.(z)). As R.(en+1) = 7, we have Z'(e,41) = Z(7) = c¢. Furthermore,
for any rotation, S, such that S(e,+1) = e,+1, observe that

R.o0SoR Y1) =R,0S(ent1) = Reeni1) =T,
and so, as Z satisfies property (2) for the rotation R, o .S o R we get
Z/(S(2)) = Z(Ry 0 S(a)) = Z(Rr 0 S0 R, 0 Ro(a)) = Z(Re(2)) = Z'(a),
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which proves that Z’ is a harmonic polynomial satisfying properties (1) and (2) with respect
to e,11. Therefore, we may assume that 7 = e, ;.

Write
k
Z(:L') :Zx +j1PJ(x17 737”)’
j=0
where Pj(x1,...,%,) is a homogeneous polynomial of degree j. Since Z is invariant under

every rotation, R fixing e, and since the monomials xn 2} are clearly invariant under such
a rotation, we deduce that every Pj(x1,...,2,) is invariant under all rotations of R™ (clearly,
there is a one-two-one Correspondence between the rotations of R"! fixing e,,; and the
rotations of R™). By Proposition 16.16, we conclude that

Pi(x1,. .., xn) = ci(af + -+ + xi)%,
which implies that P; = 0 is j is odd. Thus, we can write

[k/2]
Z(x) =Y el (@l 4+ al)
1=0

where [k/2] is the greatest integer, m, such that 2m < k. If k < 2, then Z = ¢y, so ¢y = ¢
and Z is uniquely determined. If £ > 2, we know that Z is a harmonic polynomial so we
assert that AZ = 0. A simple computation shows that

A(x? - 22 = 2i(n 4+ 2 — 2)(2? + -+ 22) !

and
Az (@l 4+ +ap) = w—mw—% D%ﬁ”@%~~+ﬁ¥
fw—%lA( ot xi)l

= (k—2@)(k—22—1) AR (a4 2l
+2i(n + 20 — 2)ab 3 (2 + -+ a2)

so we get

[k/2]-1
AZ =" ((k=2i)(k—2i— 1)e; +2(i + 1)(n + 20)cip) 27322 + -+ 22)'
i=0

Then, AZ = 0 yields the relations

2(i 4+ 1)(n + 2i)ciy = —(k —20)(k — 2 — V)e;,  i=0,...,[k/2] — 1,
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which shows that Z is uniquely determined up to the constant ¢y. Since we are requiring
Z(ens1) = ¢, we get ¢ = ¢ and Z is uniquely determined. Now, on S™, we have
zi+ - +a2 =1, s0if welet t = z,41, for ¢g = 1, we get a polynomial in one variable,

[%/2] A ‘
Pea(t) =) cit" (1 — 7).

=0

Thus, we proved that when Z(e,41) = ¢, we have

Tn+1 T
Z(x) = clle|* P ( + ) — clzll* P (m - ) |

]l

When Z(7) = ¢, we write Z = Z' o R-! with Z’ = Z o R, and where R, is a rotation such
that R,(e,11) = 7. Then, as Z’'(e,41) = ¢, using the formula above for Z’, we have

R (z) )

Z(w)= 2R (@) = c|R7@)" P (m

X

— clall* P (m - R7<en+1>)
i

— clall* P (m - ) |

The function, Z], is called a zonal function and its restriction to S™ is a zonal spher-
ical function. The polynomial, Py, is called the Gegenbauer polynomial of degree k and
dimension n + 1 or ultraspherical polynomial. By definition, Py ,(1) = 1.

since R, is an isometry. [J

The proof of Theorem 16.17 shows that for k even, say k = 2m, the polynomial P, ,, is
of the form

P2m,n = Zcm—thj(l - tz)m_j
=0

and for £ odd, say k = 2m + 1, the polynomial P, 1, is of the form
Pomiin = Y Gt (1= 2)",
§=0

Consequently, Py, (—t) = (=1)F Py ,(¢), for all k > 0. The proof also shows that the “natural
basis” for these polynomials consists of the polynomials, ¢*(1 —t2)%, with k—i even. Indeed,

with this basis, there are simple recurrence equations for computing the coefficients of Py ,.

Remark: Morimoto [113] calls the polynomials, P ,, “Legendre polynomials”. For n = 2,
they are indeed the Legendre polynomials. Stein and Weiss denotes our (and Morimoto’s)

n—1
Py, by P.? (up to a constant factor) and Dieudonné [43] (Chapter 7) by Gy 1.
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When n = 2, using the notation of Section 16.2, the zonal functions on S? are the

spherical harmonics, 3, for which m = 0, that is (up to a constant factor),

(20+1)
47

Y (0,9) = By(cos ),

where P is the Legendre polynomial of degree [. For example, for [ = 2, B(t) = %(31&2 —1).

If we put Z(r*o) = r*F}(o, 7) for a fixed 7, then by the definition of Fy (o, 7) it is clear that
Z is a homogeneous harmonic polynomial. The value Fi(7,7) does not depend of 7 because
by transitivity of the action of SO(n+1) on S™, for any other o € S™, there is some rotation,
R, so that Rt = o and by Proposition 16.12, we have Fy(o,0) = Fy(RT, RT) = Fi(7,7). To
compute F(7,7), since

Ak n+1
i 2
Fi(r,)= Y WO,
i=1
and since (Y}, ..., Y,®"*") is an orthonormal basis of HE(S™), observe that

Ak n+1

it = 3 /SHHY,;(T)HMT (16.1)

_ /S ( Z HY,;(T)HQ) dr (16.2)

= / Fy(r,7)dr = Fy(7,7) vol(S™). (16.3)
Therefore,
Ak,n+1
F, = ———".
HTT) = SolEn)
g% Beware that Morimoto [113] uses the normalized measure on S™, so the factor involving
vol(S™) does not appear.

Remark: Recall that
2d+1 7].d

1-3---(2d—1)

2mdtt
if d>1 and vol(52d+1)=T if d>0.

vol(S?) =

Now, if RT = 7, then Proposition 16.12 shows that
Z(R(r*0)) = Z(r*R(0)) = r*Fy.(Ro, 7) = r*F\.(Ro, RT) = r*Fy.(0,7) = Z(r*0).

Therefore, the function Z7 satisfies conditions (1) and (2) of Theorem 16.17 with ¢ = f:l’(’;l)
and by uniqueness, we get

Ak n+1
vol(S™)

Consequently, we have obtained the so-called addition formula:

Fi(o,7) =

Pk,n<a . T).
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Proposition 16.18 (Addition Formula) If (Y}, ..., Y,*"™") is any orthonormal basis of
HE(S™), then

Piy(o-71) =

Again, beware that Morimoto [113] does not have the factor vol(S™).

For n = 1, we can write 0 = (cos#,sinf) and 7 = (cos p, sin @) and it is easy to see that
the addition formula reduces to

Py 1(cos(0 — ¢)) = cos kB cos kg + sin kO sin kg = cos k(0 — ),

the standard addition formula for trigonometric functions.

Proposition 16.18 implies that Py, has real coefficients. Furthermore Proposition 16.13
is reformulated as

vof(rZSn) /Sn Pin( - 7)H(7) dr = ;1 H(0), (rk)

showing that the Gengenbauer polynomials are reproducing kernels. A neat application of
this formula is a formula for obtaining the kth spherical harmonic component of a function,

f e Li(sm).

Proposition 16.19 For every function, f € LEC(S™), if f =Y roy fr is the unique decom-
position of f over the Hilbert sum @, , Hf (S*), then f is given by

_ Qkn+l
o) = s | 0Pl

for all o € S™.

Proof . 1f we recall that H{ (S*) and H(JC(S’“) are orthogonal for all j # k, using the formula
(rk), we have

Ak n+1

. Ak n+1 = 4 )
vol(S™) Jsn H)Bynlo ) dr = vol(S™) /S"j;of](ﬂpk’n(g T

_ Qkgnyl - (o N
~ vol(Sn) ]Z:;/Sn fi(T)Pin(o-7)d

Ak n+1
= : P, -T)d
vol(5m) Jg, 117 Finle )T

= fk<0)7

as claimed. [J

We know from the previous section that the kth zonal function generates HE(S™). Here
is an explicit way to prove this fact.
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Proposition 16.20 If Hy,..., H, € H:(S") are linearly independent, then there are m
points, o1, ...,0m, on S™, so that the m x m matriz, (H;(0;)), is invertible.

Proof. We proceed by induction on m. The case m = 1 is trivial. For the induction step, we
may assume that we found m points, oy, ..., 0., on S™, so that the m x m matrix, (H;(0;)),
is invertible. Consider the function

Hi(o) ... Hp(o) Hp(o)
Hl(O'l) Hm(O'l) Hm+1(01)
g . . . .
Hi(ow) ... Hy(om) Hpyi1(om).
Since Hi, ..., H,11 are linearly independent, the above function does not vanish for all o

since otherwise, by expanding this determinant with respect to the first row, we get a linear
dependence among the H;’s where the coefficient of H,, is nonzero. Therefore, we can find
Om+1 0 that the (m + 1) x (m + 1) matrix, (H;(0;)), is invertible. O

We say that ay 41 points, o1,...,0,, ., on S™ form a fundamental system iff the
A1 X A py1 matrix, (P, x(0; - 05)), is invertible.

Theorem 16.21 The following properties hold:
(i) There is a fundamental system, oy, ..., 04, .., for every k > 1.

(i) Every spherical harmonic, H € HE(S™), can be written as

A n+41

H(o) = Z ¢j Pynloj-0),

j=1
for some unique c; € C.

Proof. (i) By the addition formula,

Bin(oi-0j) = Yi(0:)Yi(o))
Ak n+1 —1
for any orthonormal basis, (Y}, ..., Y, *"). It follows that the matrix (P ,(0; - 0;)) can be
written as s
vol(S™ .
(Pl = 2 vy
Ak n+1

where Y = (Y} (0;)), and by Proposition 16.20, we can find oy, ... s Oay sy € S™ 80 that YV
and thus also Y* are invertible and so, (P, x(0; - 0;)) is invertible.
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(ii) Again, by the addition formula,

However, as (Y;!,...,Y,*""") is an orthonormal basis, (i) proved that the matrix Y* is
invertible so the Y}'(o) can be expressed uniquely in terms of the Py, (o - 0;), as claimed. [J

A neat geometric characterization of the zonal spherical functions is given in Stein and
Weiss [142]. For this, we need to define the notion of a parallel on S™. A parallel of S™
orthogonal to a point T € S™ is the intersection of S™ with any (affine) hyperplane orthogonal
to the line through the center of S™ and 7. Clearly, any rotation, R, leaving 7 fixed leaves
every parallel orthogonal to 7 globally invariant and for any two points, o1 and o5, on such
a parallel there is a rotation leaving 7 fixed that maps o; to o5. Consequently, the zonal
function, Z7, defined by 7 is constant on the parallels orthogonal to 7. In fact, this property
characterizes zonal harmonics, up to a constant.

The theorem below is proved in Stein and Weiss [142] (Chapter 4, Theorem 2.12). The
proof uses Proposition 16.16 and it is very similar to the proof of Theorem 16.17 so, to save
space, it is omitted.

Theorem 16.22 Fir any point, T € S". A spherical harmonic, Y € HE(S™), is constant
on parallels orthogonal to T iff Y = cZ], for some constant, c € C.

In the next section, we show how the Gegenbauer polynomials can actually be computed.

16.7 More on the Gegenbauer Polynomials

The Gegenbauer polynomials are characterized by a formula generalizing the Rodrigues
formula defining the Legendre polynomials (see Section 16.2). The expression

(o) (o) - (1057)

can be expressed in terms of the I' function as

I'(k+2)
r()

Recall that the I' function is a generalization of factorial that satisfies the equation

F(z+41) = 2I'(2).
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For z = x + iy with z > 0, I'(2) is given by

['(2) :/ t*te~tdt,
0

where the integral converges absolutely. If n is an integer n > 0, then I'(n + 1) = nl.

It is proved in Morimoto [113] (Chapter 2, Theorem 2.35) that

Proposition 16.23 The Gegenbauer polynomial, P, is given by Rodrigues’ formula:

(TR 1 e
28 T(k+12) (1—2) dtt

Pron(t) = (1— t2)/~c+"7_27

with n > 2.

The Gegenbauer polynomials satisfy the following orthogonality properties with respect
to the kernel (1 — #2)"2" (see Morimoto [113] (Chapter 2, Theorem 2.34):

Proposition 16.24 The Gegenbauer polynomial, Py ,,, have the following properties:

[ o eFta - )

1 A ny1vol(S™1)

/_1Pk,n(t)Pz,n(t)(1—t2)"22dt =0, k#L

1

The Gegenbauer polynomials satisfy a second-order differential equation generalizing the
Legendre equation from Section 16.2.

Proposition 16.25 The Gegenbauer polynomial, Py ., are solutions of the differential equa-
tion
(1 —t*) Py (t) — ntP] ,(t) + k(k +n — 1) Py, (t) = 0.

Proof. For a fixed 7, the function H given by H(o) = Py (0 - 7) = Py, (cosf), belongs to
HE(S™), so

Recall from Section 16.3 that

1 A O 1
Bsed = g (905 ) * g

in the local coordinates where

o=sinfo+cosbe,,,
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with 7 € S" ! and 0 < 6 < 7. If we make the change of variable ¢t = cos , then it is easy to
see that the above formula becomes

0 f of 1
Agnf=(1—-1)=5 —nt== + ——Agn-
sof = (L= 8) G —ntgy F 7t
(see Morimoto [113], Chapter 2, Theorem 2.9.) But, H being zonal, it only depends on 6,
that is, on t, so Agn-1H = 0 and thus,

0* Py tapk’”
—n
ot? ot '’

“k(k+n —1)Pyn(t) = Agn Pon(t) = (1 — 2)

which yields our equation. [J

Note that for n = 2, the differential equation of Proposition 16.25 is the Legendre equation
from Section 16.2.

The Gegenbauer poynomials also appear as coefficients in some simple generating func-
tions. The following proposition is proved in Morimoto [113] (Chapter 2, Theorem 2.53 and
Theorem 2.55):

Proposition 16.26 For all v and t such that —1 <r <1 and -1 <t <1, foralln > 1,
we have the following generating formula:

iak _|_17”kPk (t): 1_T2 .
= ’ (1—27’2?—1—7’2)717+1

Furthermore, for all r and t such that 0 <r <1 and -1 <t <1, ifn=1, then
= rk 1 9
Z ? Pk-,l(t) = —510g(1 —2rt+r )
k=1

and if n > 2, then

. n-—1 N 1
— Q1 T P (t) = —.
§2k+n—l eni1 7" Fa(l) (1—2rt+r2)T1

In Stein and Weiss [142] (Chapter 4, Section 2), the polynomials, P)(t), where A\ > 0 are
defined using the following generating formula:

oo 1

k pA
r" PR (t) = )
; F (1—2rt +7r2)A

Each polynomial, P)(t), has degree k and is called an ultraspherical polynomial of degree k
associated with A. In view of Proposition 16.26, we see that

. on—1
C2k+n-—1
as we mentionned ealier. There is also an integral formula for the Gegenbauer polynomials
known as Laplace representation, see Morimoto [113] (Chapter 2, Theorem 2.52).

Pk,’% (t) Ak.n+1 Pk,n<t)7
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16.8 The Funk-Hecke Formula

The Funk-Hecke Formula (also known as Hecke-Funk Formula) basically allows one to per-
form a sort of convolution of a “kernel function” with a spherical function in a convenient
way. Given a measurable function, K, on [—1,1] such that the integral

/_11 K(8)](1— )5 dt

makes sense, given a function f € LA(S™), we can view the expression
K * f(o) = K(o-7)f(1)dr
Sn

as a sort of convolution of K and f. Actually, the use of the term convolution is really
unfortunate because in a “true” convolution, f % g, either the argument of f or the argument
of g should be multiplied by the inverse of the variable of integration, which means that
the integration should really be taking place over the group SO(n + 1). We will come back
to this point later. For the time being, let us call the expression K x f defined above a
pseudo-convolution. Now, if f is expressed in terms of spherical harmonics as

o0 Ak,n+1

f = Z Z Ck,kakMka

k=0 mkzl
then the Funk-Hecke Formula states that
KxY,™(0) = a Y™ (0),

for some fixed constant, ay, and so

oo Ak,n+1

K x f = Z Z akck,kakmk.

k=0 mk:I
Thus, if the constants, oy, are known, then it is “cheap” to compute the pseudo-convolution
K * f.

This method was used in a ground-breaking paper by Basri and Jacobs [14] to compute
the reflectance function, r, from the lighting function, ¢, as a pseudo-convolution K ¢ (over
S?) with the Lambertian kernel, K, given by

K(o - 1) =max(c - ,0).

Below, we give a proof of the Funk-Hecke formula due to Morimoto [113] (Chapter 2,
Theorem 2.39) but see also Andrews, Askey and Roy [2] (Chapter 9). This formula was first
published by Funk in 1916 and then by Hecke in 1918.
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Theorem 16.27 (Funk-Hecke Formula) Given any measurable function, K, on [—1,1] such
that the integral

/_11 K(8)](1— £2)5 dt

makes sense, for every function, H € H:(S™), we have

K(o-€)H(€)ds = (Vol(Sn_l) /_ K(O)Pea(t)(1 - £2)%5° dt) H(o).

Sn

n—2

Observe that when n = 2, the term (1 — %) 2
f,ll |K(t)| dt makes sense.

15 missing and we are simply requiring that

Proof. We first prove the formula in the case where H is a zonal harmonic and then use the
fact that the P, ’s are reproducing kernels (formula (rk)).

For all o, 7 € S™ define H by
H(o) = Pyn(o-7)

and F' by
F(o,7) = K(o-&)Ppn(§-7)dE.
Sn
Since the volume form on the sphere is invariant under orientation-preserving isometries, for
every R € SO(n + 1), we have

F(Ro,Rt) = F(o, 7).

On the other hand, for ¢ fixed, it is not hard to see that as a function in 7, the function
F(o,—) is a spherical harmonic, because Py, satisfies a differential equation that implies
that Ag2F'(0,—) = —k(k +n — 1)F(0,—). Now, for every rotation, R, that fixes o,

F(o,7) = F(Ro,RT) = F(0, R7),

which means that F'(o, —) satisfies condition (2) of Theorem 16.17. By Theorem 16.17, we
get
F(o,7) = F(0,0)Pn(o- 7).

If we use local coordinates on S™ where
g = 1—t2g+t€n+1,

with & € 8" ! and —1 <t < 1, it is not hard to show that the volume form on S™ is given
by

n—2

dogn = (1 — tz)T dtdo gn-1.



504 CHAPTER 16. SPHERICAL HARMONICS

Using this, we have
1
F(o,0) = K(o-&)Pyn(§-0)dé = vol(S"_l)/ K(t) Py n(t)(1 — t2)n772 dt,
Sn ~1
and thus,

F(o,7) = (v01<s"—1) /_ 11 K(H)Pen(t)(1 =122 dt) Pin(o-7),

which is the Funk-Hecke formula when H (o) = Py (0 - 7).

Let us now consider any function, H € H(S™). Recall that by the reproducing kernel
property (rk), we have

Stk | Pt () ar = H(e)

Then, we can compute [, K(o - §)H(£) d¢ using Fubini’s Theorem and the Funk-Hecke
formula in the special case where H (o) = Py (0 - 7), as follows:

| Ko gH () de

— | K(o-¢) (Vi’;v(";) /S P& m)H(7) dT) dg

Sn

- Viﬁv(”;) /S CH(7) < 5 K(o-€)Pn(€-7) d§) dr

= Viﬁgﬁ) / CH(r) <<v01(5"—1) /_ 11 K(t)Py,(t)(1 %)% dt) Pion(0 - 7)> dr

= (VOI(S”_I) - EOPa00 - ) dt) (vﬁ’(ﬂﬁ) /S Finl7 - m)HLT) dT)

- (Vo1(5”—1) K(t)Pyn(t)(1 — t2)nT_2 dt) H(o),

—1
which proves the Funk-Hecke formula in general. [OJ

The Funk-Hecke formula can be used to derive an “addition theorem” for the ultraspher-
ical polynomials (Gegenbauer polynomials). We omit this topic and we refer the interested
reader to Andrews, Askey and Roy [2] (Chapter 9, Section 9.8).

Remark: Oddly, in their computation of K % ¢, Basri and Jacobs [14] first expand K in
terms of spherical harmonics as
K=> kY,
n=0



16.9. CONVOLUTION ON G/K, FOR A GELFAND PAIR (G, K) 505

and then use the Funk-Hecke formula to compute K x Y,* and they get (see page 222)

47

KxY"=a,Y " with «a,=/——
2n+1

n ns

for some constant, k,, given on page 230 of their paper (see below). However, there is no
need to expand K as the Funk-Hecke formula yields directly

Kevr(o)= [ Ko V) de = ( IR0 dt) Y70

5’2

where P,(t) is the standard Legendre polynomial of degree n since we are in the case of S2.
By the definition of K (K (t) = max(t,0)) and since vol(S') = 27, we get

1
K*Y™= (27r / tP, (1) dt) Vi
0

which is equivalent to Basri and Jacobs’ formula (14) since their «,, on page 222 is given by

A
n=1\/ = kn,
R Vi W

kn=+(2n+ 1)m /1 tP,(t)dt.

What remains to be done is to compute fol tP,(t) dt, which is done by using the Rodrigues
Formula and integrating by parts (see Appendix A of Basri and Jacobs [14]).

but from page 230,

16.9 Convolution on G/K, for a Gelfand Pair (G, K)
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